A fast and accurate method for computing the Sunyaev-Zeldovich signal of
  hot galaxy clusters by Chluba, Jens et al.
ar
X
iv
:1
20
5.
57
78
v2
  [
as
tro
-p
h.C
O]
  1
8 J
ul 
20
12
Mon. Not. R. Astron. Soc. 000, 000–000 (0000) Printed 18 October 2018 (MN LATEX style file v2.2)
A fast and accurate method for computing the Sunyaev-Zeldovich
signal of hot galaxy clusters
Jens Chluba1⋆, Daisuke Nagai2,3,4, Sergey Sazonov5,6, Kaylea Nelson3
1 Canadian Institute for Theoretical Astrophysics, 60 St. George Street, Toronto, ON M5S 3H8, Canada
2 Department of Physics, Yale University, New Haven, CT 06520, U.S.A.
3 Department of Astronomy, Yale University, New Haven, CT 06520, U.S.A.
4 Yale Center for Astronomy & Astrophysics, Yale University, New Haven, CT 06520, U.S.A.
5 Space Research Institute, Russian Academy of Sciences, Profsoyuznaya 84/32, 117997 Moscow, Russia
6 Max-Planck-Institut fu¨r Astrophysik, Karl-Schwarzschild-Str. 1, 85740 Garching bei Mu¨nchen, Germany
Received 2012 May 24; Accepted 2012 July 18
ABSTRACT
New generation ground and space-based CMB experiments have ushered in discoveries of
massive galaxy clusters via the Sunyaev-Zeldovich (SZ) effect, providing a new window for
studying cluster astrophysics and cosmology. Many of the newly discovered, SZ-selected clus-
ters contain hot intracluster plasma (kTe & 10 keV) and exhibit disturbed morphology, indica-
tive of frequent mergers with large peculiar velocity (v & 1000 kms−1). It is well-known that
for the interpretation of the SZ signal from hot, moving galaxy clusters, relativistic correc-
tions must be taken into account, and in this work, we present a fast and accurate method for
computing these effects. Our approach is based on an alternative derivation of the Boltzmann
collision term which provides new physical insight into the sources of different kinematic
corrections in the scattering problem. This allows us to obtain a clean separation of kinematic
and scattering terms which differs from previous works. We also briefly mention additional
complications connected with kinematic effects that should be considered when interpreting
future SZ data for individual clusters. One of the main outcomes of this work is SZpack, a
numerical library which allows very fast and precise (. 0.001% at frequencies hν . 20kTγ)
computation of the SZ signals up to high electron temperature (kTe ≃ 25 keV) and large pe-
culiar velocity (v/c ≃ 0.01). The accuracy is well beyond the current and future precision of
SZ observations and practically eliminates uncertainties related to more expensive numerical
evaluation of the Boltzmann collision term. Our new approach should therefore be useful for
analyzing future high-resolution, multi-frequency SZ observations as well as computing the
predicted SZ effect signals from numerical simulations.
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1 INTRODUCTION
Free electrons residing inside the deep potential wells of galaxy
clusters scatter photons of the cosmic microwave background
(CMB), causing a spectral distortion which is commonly referred
to as the Sunyaev-Zeldovich (SZ) effect. The thermal/random mo-
tions of electrons in the hot cluster atmospheres lead to the thermal
SZ (thSZ) effect (Zeldovich & Sunyaev 1969), exhibiting a y-type
spectral shape related to the up-scattering of CMB photons. The
bulk/directed motion of the electrons, on the other hand, causes a
temperature shift in the direction of the cluster, known as the kine-
matic SZ (kSZ) effect (Sunyaev & Zeldovich 1980).
The SZ effect has long been realized as a powerful tool
⋆ E-mail: jchluba@cita.utoronto.ca
to learn about the formation of structures in the Universe
(see Rephaeli 1995a; Birkinshaw 1999; Carlstrom et al. 2002,
for reviews). Since the effect is independent of redshift, the
SZ signal is ideally suited to discover massive galaxy clus-
ters out to high redshifts. New generations of ground-based
(e.g., Muchovej et al. 2007; Vanderlinde et al. 2010; Marriage et al.
2011) and space-based (Planck Collaboration et al. 2011) CMB
experiments have lead to discoveries of several hundred SZ-
selected clusters. Current cluster samples have already pro-
vided unique constraints on the dark energy equation of
state (e.g., Wang et al. 2004; Hu¨tsi 2006; Vikhlinin et al. 2009;
Benson et al. 2011; Sehgal et al. 2011), the Hubble constant (e.g.,
Birkinshaw et al. 1991; Hughes & Birkinshaw 1998; Reese et al.
2002; Bonamente et al. 2006), and non-Gaussianity in the primor-
dial matter density field (Foley et al. 2011).
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Many of the newly discovered SZ-selected clusters contain
very hot intracluster plasma (kTe & 10 keV) (Williamson et al.
2011; Korngut et al. 2011) and exhibit disturbed morphol-
ogy, indicative of frequent mergers with large peculiar veloc-
ity (v & 1000 kms−1) (Halverson et al. 2009; Ma et al. 2012;
Mroczkowski et al. 2012). The ‘Bullet’ cluster is one well-studied
examples of a high velocity merging system, with v ≃ 4000 kms−1
(Markevitch et al. 2002; Markevitch 2006; Springel & Farrar
2007; Milosavljevic´ et al. 2007; Mastropietro & Burkert 2008;
Lee & Komatsu 2010). ‘El Gordo’ is another spectacular example
of a massive, merging cluster at z = 0.87 filled with very high
temperature gas up to kTe = 22 keV ± 6 keV (Menanteau et al.
2012). Furthermore, Mroczkowski et al. (2012) recently measured
the SZ effect for a triple merger system, finding shock heated
gas with temperature kTe ≥ 20 keV and large peculiar motion
(v ≃ 3000 kms−1). Because of the high electron temperature and
large kinematic terms, interpretation of the observed SZ signal for
such systems clearly must take into account relativistic corrections.
These corrections have been investigated theoretically by
several independent groups (e.g., Wright 1979; Rephaeli 1995b;
Challinor & Lasenby 1998; Itoh et al. 1998; Sazonov & Sunyaev
1998; Nozawa et al. 1998; Molnar & Birkinshaw 1999;
Enßlin & Kaiser 2000; Dolgov et al. 2001; Shimon & Rephaeli
2004; Chluba et al. 2005; Poutanen & Vurm 2010), and various
analytic approximations already provide a good description of the
SZ signals in different ranges of temperatures and frequencies.
However, a number of high-resolution SZ experiments, including
ALMA1, CARMA2, CCAT3, and MUSTANG4, are underway or
planned, promising a dramatic increase in sensitivities, spatial
resolution, and spectral coverage over the next few years. These
upcoming SZ experiments should enable a host of new mea-
surements of important cluster properties, including the electron
temperature of the intracluster medium (ICM) (Pointecouteau et al.
1998; Hansen et al. 2002; Zemcov et al. 2012), the peculiar ve-
locity and internal bulk and turbulent gas motions of clusters
(Nagai et al. 2003; Sunyaev et al. 2003; Diego et al. 2003), and
non-equilibrium electrons produced by merger and accretion
shocks (Markevitch & Vikhlinin 2007; Rudd & Nagai 2009),
to name a few. In order to properly interpret these upcoming
measurements, it is critical to develop a fast and precise method for
computing the SZ effect signal, ideally with accuracy well beyond
the precision of future SZ experiments.
In this work, we present a fast and accurate method for
computing the relativistic corrections to the SZ effect. The ap-
proach is based on an alternative derivation of the Compton col-
lision terms, obtained using explicit Lorentz-transformations of the
SZ signals from the cluster frame into the observer frame. This
method allows us to clearly identify the source of different kine-
matic correction terms. The cluster’s peculiar velocity, βc = v/c,
makes the electron distribution function effectively anisotropic in
the CMB rest frame. One way of dealing with the problem is there-
fore to use the Lorentz-boosted Boltzmann equation in the CMB
rest frame (e.g., Nozawa et al. 1998; Challinor & Lasenby 1999;
Nozawa et al. 2006). Alternatively, one can treat the problem in the
cluster frame. Upon Lorentz-transformation of the isotropic CMB
into this frame, the CMB spectrum becomes anisotropic (e.g., see
1 Atacama Large Millimeter/submillimeter Array
2 Combined Array for Research in Millimeter-wave Astronomy
3 Cornell Caltech Atacama Telescope
4 MUltiplexed Squid TES Array at Ninety GHz
Chluba 2011), with motion-induced monopole (∝ β2c), dipole (∝ βc)
and quadrupole (∝ β2c), due to aberration and Doppler boosting.
These anisotropies are then scattered by hot electrons, imprinting a
distortion on the CMB. Using the Lorentz-invariance of the photon
occupation number and line-of-sight number of scatterings one can
readily obtain the SZ intensity signal in the observer’s frame. The
advantage is that in the cluster frame complications related to kine-
matic corrections (aberration, retardation and time-dilation effects)
and the cluster geometry (see Sect. 4.5) can be avoided.
The crucial generalization is that we consider not only
the scattering of the radiation monopole, but also dipole and
quadrupole scattering by hot electrons. The required kinetic equa-
tion for the scattering of anisotropic radiation in lowest order
of the electron temperature was recently derived by Chluba et al.
(2012); however, here we include higher order temperature correc-
tion to this problem. We obtain a reformulation of the frequency-
dependent basis functions (Sect. 3.1.1 and 4.1.4) that allow very
precise (. 0.001% at frequencies hν . 20kTγ) computation of the
SZ signals up to high electron temperature (kTe ≃ 25keV) and
large peculiar velocity (v/c ≃ 0.01). Our new approach pushes
the precision for the SZ predictions far beyond the sensitivity
of future SZ observation, eliminating the need for more expen-
sive numerical integrations of the Boltzmann collision term. It
should therefore be useful when analyzing future high resolution,
multi-frequency SZ data for individual clusters or when computing
the predicted SZ signals from numerical simulations (Nagai et al.
2003; Sunyaev et al. 2003; Diego et al. 2003; Dolag et al. 2005;
Battaglia et al. 2010).
With our new derivation, we also show that the kinematic
corrections to the SZ intensity signal given here differ from
previously obtained expressions (e.g., Sazonov & Sunyaev 1998;
Nozawa et al. 1998, 2006; Shimon & Rephaeli 2004). This dif-
ference is related to the interpretation of the scattering optical
depth integral, which was not explicitly addressed in the ear-
lier calculations (see Sect. 4.4). Although, the differences are
small, they could still be relevant for instance when using the
SZ effect to confirm the redshift-scaling of the CMB tempera-
ture (Battistelli et al. 2002; Horellou et al. 2005; Luzzi et al. 2009;
de Martino et al. 2012; Avgoustidis et al. 2012), an idea that was
suggested long ago (Fabbri et al. 1978; Rephaeli 1980). We also
briefly mention additional complications connected with kinematic
effects on the measurement that should be taken into account when
interpreting future SZ data for individual clusters (see Sect. 4.5).
However, a detailed analysis is beyond the scope of this paper.
One of the main outcomes of this work is SZpack5, a numerical
library which allows explicit computation of the SZ signals using
the full Compton collision integral, but also fast approximation of
the numerical result by means of the improved set of frequency-
dependent basis functions obtained here. This new approach al-
lows calculation of the SZ signals with precision . 0.001% over
a wide range of parameters at practically no computational cost,
overcoming limitations (see Sect. 3.1 for more details) of previ-
ously derived analytic approximations (e.g. Challinor & Lasenby
1998; Itoh et al. 1998; Sazonov & Sunyaev 1998) to describe the
SZ signals from hot, moving clusters. With respect to other fast rep-
resentations of the Boltzmann collision by means of extended ta-
bles or fitting functions (Nozawa et al. 2000; Itoh & Nozawa 2004;
Shimon & Rephaeli 2004), our approach provides an interesting al-
ternative, with the derived basis functions being directly informed
5 Available at http://www.Chluba.de/SZpack
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by the underlying physics of the problem. We furthermore include
the kinematic corrections in this representation, describing the SZ
intensity signal in the cluster frame and then obtaining the final
result by Lorentz-transformation. This approach also allows us to
include the effect of the observer’s motion (Chluba et al. 2005) in a
simple manner, without extra approximations.
2 ANISOTROPIC COMPTON SCATTERING
In this section we present a brief derivation of the required kinetic
equation for Compton scattering of photons by hot thermal elec-
trons. For now, we neglect the effect of peculiar motion and only
consider relativistic correction in different orders of the electron
temperature, Te. However, we describe the scattering of anisotropic
photon distributions in the rest frame of the SZ cluster. This gen-
eralization is needed to include kinematic corrections up to second
order in the peculiar motion using explicit Lorentz transformations,
as recently pointed out by Chluba et al. (2012).
2.1 The Boltzmann collision term for a resting cluster
The time evolution of the photon phase space density n(t, ν, γˆ)
at frequency ν in the direction6 γˆ under Compton scattering
can be described using the Boltzmann equation (compare with
Buchler & Yueh 1976; Itoh et al. 1998)
∂n(t, ν, γˆ)
∂t
≈ c
∫ dσ
dΩ′ F d
2γˆ′ d3 p , (1)
where d2γˆ′ is the solid angle spanned by the incoming photon, F
is the statistical factor, and dσ/ dΩ′ denotes the differential scat-
tering cross section7. We assumed that the incoming photon field is
spatially homogeneous, which for the problem of interest here is a
valid approximation as long as the number of scatterings is small.
To compute the SZ effect one can neglect the effect of electron
recoil, since the energy of CMB photons, hν, is much smaller than
the energy of the fast electrons inside the cluster, i.e., hν ≪ γmec2.
Here γ = 1/
√
1 − β2 is the Lorentz factor and β the dimensionless
velocity of the moving electron. In that limit the Compton scatter-
ing cross section reads (e.g., see Jauch & Rohrlich 1976)
dσ
dΩ′
≈ 3σT
8π
(
ν′
ν
)2 1
γ2κ
1 − ν′
ν
αsc
γ2κ2
+
1
2
(
ν′
ν
αsc
γ2κ2
)2 , (2)
with κ = 1 − βµ, αsc = 1 − µsc, where µsc = γˆ′ · γˆ is the cosine
of the scattering angle between the incoming and outgoing photon.
Furthermore, µ = ˆβ · γˆ and µ′ = ˆβ · γˆ′ are the direction cosines
of the angle between the scattering electron and the incoming and
outgoing photon, respectively. The Thomson scattering cross sec-
tion is denoted by σT ≈ 6.65 × 10−25 cm2. The frequency ratio of
the incoming and outgoing photon is given by
ν′
ν
=
1 − βµ
1 − βµ′ + hν
γmec2
(1 − µsc)
≈ 1 − βµ
1 − βµ′ . (3)
Since the temperature of the electron gas obeys kTe ≪ mec2,
Fermi-blocking is negligible. In addition stimulated scattering can
be omitted so that the statistical factor F may be approximated as
6 In the following bold font denotes 3-dimensional vectors and an addi-
tional hat means that it is normalized to unity.
7 More concisely, the factor related to the Møller relative velocity was ab-
sorbed in the definition of dσ/ dΩ′.
F ≈ f ′ n′ − f n, where the abbreviations f = f (p), f ′ = f (p′)
for the electron, and n = n(ν, γˆ), n′ = n(ν′, γˆ′) for the photon
phase space densities were introduced. The electron phase space
density is isotropic and may be described by a relativistic Maxwell-
Boltzmann distribution,
f (p) = Ne e
−ǫ(p)/θe
4π(mec)3K2(1/θe) θe , (4)
where K2(1/θe) is the modified Bessel function of second kind with
dimensionless electron temperature θe = kTe/mec2, Ne is the elec-
tron number density, and ǫ(p) =
√
1 + η(p)2 ≡ γ denotes the di-
mensionless energy of the electrons with the dimensionless mo-
mentum η(p) = |p|/mec = γβ.
With the above definitions, the statistical factor can be cast
into the form F ≈ f [e∆xe n′ − n], where we defined xe = hνkTe and
∆xe = x
′
e − xe. Introducing x = hν/kTγ and ∆ν = (ν′ − ν)/ν, the
statistical factor can be rewritten as
F / f (p) ≈ −n(x, γˆ) +
∞∑
k=0
∆kν
k! x
k∂kxn(x, γˆ′). (5)
where we set ∆xe ≃ (Tγ/Te) x∆ν ≈ 0, neglecting terms that are
multiplied by the CMB to electron temperature ratio, Tγ/Te, which
for typical clusters is of order ≃ 10−8.
We now define the moments of the energy shifts
Iklm =
1
Ne σT
∫ dσ
dΩ′ f (p)
∆kν
k! Ylm(γˆ
′) d2γˆ′ d3 p (6)
over the scattering cross section. Here Ylm(γˆ′) denote spherical har-
monic functions. Since Yl(−m)(γˆ′) = (−1)m Y∗lm(γˆ′), it directly fol-
lows Ikl(−m) ≡ (−1)m (Iklm)∗, so that only the integrals with m ≥ 0
ever have to be explicitly computed. For small θe these moments
are all frequency-independent polynomials, which can be explic-
itly computed up to some order, kmax, in θe. As we also see below,
Iklm = λ
k
l Ylm(γˆ) by symmetry, where λkl is a temperature-dependent
function. In Appendix C we give the results for the moments of
interest up to O(θ11e ) for monopole scattering, and O(θ9e) for dipole
and quadrupole scattering
If we write n(x, γˆ′) as a spherical harmonic expansion with
spherical harmonic coefficients nlm(x), then the required Boltzmann
equation takes the simple form
∂n(x, γˆ)
∂τ
≈ −n(x, γˆ) +
∞∑
k=0
∑
l,m
Iklm x
k∂kxnlm, (7)
where we introduced dτ = cNe σT dt. In the optically thin limit, this
expression is formally valid for any anisotropic, yet spatially uni-
form radiation field that is scattered by hot electrons and in which
electron recoil and stimulated scatterings can be neglected. For the
temperature correction to the SZ effect one only needs to consider
the scattering of the monopole part of the radiation field, but when
considering kinematic corrections, anisotropies in the photon dis-
tribution must also be included.
With modern computers it is straightforward to carry out the
full 5-dimensional collision integral, Eq. (1), numerically. Here we
use the quadrature rules according to Patterson (1968) for each
of the independent 1-dimensional integrals. These rules are fully
nested and converge rapidly with only a few refinements. Below
we simplify the collision term by reducing the number of integrals
and by leveraging symmetries of the problem in different situa-
tions. To confirm the accuracy of the results we always compare
to those obtained with the full 5-dimensional collision term. With
the full collision term it is also possible to compute the SZ signals
for more general incoming radiation fields with anisotropies. The
corresponding routines can be found in SZpack.
c© 0000 RAS, MNRAS 000, 000–000
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3 THERMAL SZ EFFECT FOR HOT ELECTRONS
To compute the temperature correction to the SZ effect for τ ≪ 1
we have to insert n ≈ nPl = 1/(ex − 1) into the Boltzmann equa-
tion, Eq. (7). Up to nth order in θe we need to compute the deriva-
tives xk∂kxnPl for k ≤ 2n + 2. These derivatives can be expressed in
several ways, some of which are summarized in Appendix A. For
explicit computations of the relativistic corrections it is enough to
directly use the expressions for xk∂kxnPl as they are, taking care of
the order of different terms to improve the numerical stability (see
Appendix A). Together with the moments in Table B1 they deter-
mine all correction terms up to the desired order in temperature, in
our case O(θ11e ). The spectral distortion caused by the thSZ effect in
the single scattering approximation is then given by
∆nth(x, γˆ) ≈
10∑
k=0
y(k)Yk(x) (8a)
y(k) =
∫ ( kTe
mec2
)k+1
NeσTc dt ≈ θk+1e ∆τ ≡ θke y(0), (8b)
where we introduced the generalized y-parameter, y(k), and the
line-of-sight optical depth8, ∆τ =
∫
NeσTc dt. For the second
and third equalities of Eq. (8b), we also assumed that the clus-
ter is isothermal along the line-of-sight. Alternatively, one can
consider the distortion caused by a single scattering event in one
small volume element of the cluster and then sum each contribu-
tion along the line-of-sight. The functions Yn are determined by
Yn =
∑2n+2
k=1 a
(n)
k x
k∂kxn00(x)Y00 with n00(x)Y00 ≡ nPl(x), and the coef-
ficients a(n)k summarized in Table B1.
With the definitions given in Appendix (A), in first order of
the electron temperature we have
∆n
(1)
th
∆τ
≈ θe
[
4x∂x + x2∂2x
]
nPl = θe G
[
x coth
(
x
2
)
− 4
]
≡ θeY0,
with G(x) = xex/[ex − 1]2 = −x∂xnPl(x). This is the well-known
result given by Zeldovich & Sunyaev (1969) for the thSZ effect,
which can be directly derived using the Kompaneets equation
(Kompaneets 1956; Weymann 1965). In second order of the elec-
tron temperature, we find
∆n
(2)
th
∆τ
≈ θ2e
[
10x∂x +
47
2
x2∂2x +
42
5 x
3∂3x +
7
10
x4∂4x
]
nPl ≡ θ2eY1.
This expression is equivalent to Eq. (2.27) in Itoh et al. (1998) and
the last term in Eq. (12) of Sazonov & Sunyaev (1998), as can
be easily shown using the expressions, Eq. (A1). We confirmed
higher order terms by comparing with the expressions given by
Itoh et al. (1998). Our expressions for the temperature corrections
to the thSZ effect alone are also equivalent to those formulae given
by Shimon & Rephaeli (2004), although here we obtained two ad-
ditional orders in the electron temperature. We also derived tem-
perature corrections up to 20th order in electron temperature, but
improvements in the convergence were only marginal.
8 Unless noted otherwise henceforth we will refer to ‘optical depth’ as
quantity that is defined inside the cluster frame. With this convention the
optical depth is directly characterizing the number of scatterings along the
photon’s world line, and hence cleanly separates the effect of scattering and
kinematic terms on the SZ signal, as we explain in detail in Sect. 4.2.1.
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Figure 1. Thermal SZ effect for an isothermal electron gas with different
temperatures, θe = (kTe/mec2). In the upper panel we present the change
in the intensity, in dimensionless form, ∆I/∆τ ∝ x3∆n/∆τ ≡ x3Y(x), where
Y(x) = ∑10k=0 θk+1e Yk(x), neglecting terms O(θ12e ). The lower panel shows the
relative difference with respect to the full numerical result. For θe = 0.01
we multiplied it by 100, demonstrating that the SZ signal is represented to
better than ≃ 0.01% precision over the shown frequency range. However,
for clusters with kTe & 10 keV the Taylor series expansion with the basis
functions Yk does not perform well at x & 10. Notice that the spike around
the crossover frequency, xcr ∼ 3.83, is because the SZ signal vanishes there.
The numerical integrals were carried out using SZpack.
3.1 Improved representation of the spectral distortions
caused by the thermal SZ effect of hot clusters
Although the moments Ik00 have previously been computed to very
high orders in temperature, it is known that the associated ap-
proximation converges very slowly (Challinor & Lasenby 1998;
Itoh et al. 1998; Sazonov & Sunyaev 1998). This is because for
high electron temperature (& 10keV) the width of the scattering
kernel (see Sazonov & Sunyaev 2000, for properties of the Comp-
ton kernel) becomes sufficiently large that the absolute frequency
shift (∆x ≃ x√2θe ≃ x/5) caused by Doppler broadening exceeds
unity at x & 1/
√
2θe ≃ 5. Although the relative change in fre-
quency is still small, the simple Taylor series expansion of nPl(x′)
around x starts to converge slowly: even when taking up to 10th or-
der correction in θe, the formula provide a rather poor description
of the SZ signal at high frequencies9 However, the frequency range
x ≃ 10 − 20 is very relevant for interpreting observational data.
9 We found that pushing to much higher order in θe (we computed the 20th
order) the match degrades significantly. (cf. Fig. 1).
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It is therefore important to compute the thSZ effect from hot clus-
ters precisely even at these high frequencies. Furthermore, higher
order temperature corrections are significant near the crossover fre-
quency, xcr ≃ 3.83, and improved formulae would be desired.
One straightforward possibility is direct numerical integration
of the Boltzmann collision term, Eq. (1). Since for the thSZ effect of
hot clusters the number of integrals can be analytically reduced to
two (e.g., Wright 1979; Enßlin & Kaiser 2000; Dolgov et al. 2001;
Nozawa et al. 2009), the line-of-sight numerical integration for a
single temperature is very fast (a few seconds on a standard laptop)
and a full analytic description in terms of a Taylor series can be
avoided. However, when analyzing upcoming high resolution SZ
data along many lines-of-sight, the inversion of the SZ signal to
temperature and electron profile requires a large number of inte-
grals to be taken. In that case it is beneficial to have a simpler and
faster method for computing the SZ signal.
One possibility is to produce a simple 2-dimensional table in
(θe, x) and then interpolate or fit the results (see e.g., Nozawa et al.
2000; Itoh & Nozawa 2004; Shimon & Rephaeli 2004), but for an
accurate representation of the collision term (. 0.1% say) one
needs a rather fine grid, rendering this approach suboptimal. In par-
ticular, it might be useful to look for a different approach when
kinematic corrections are also included.
Here we follow an alternative approach in the middle of the
two extremes: one can use a Taylor series in θe for the Boltzmann
collision term, but leave nPl(x′) as it is, carrying out the remaining
integrals numerically. This procedure defines a set of frequency-
dependent basis functions, Zk(x), that do not suffer from the same
limitation as the Yk(x) expansion, while still being informed by the
underlying physics of the scattering problem.
3.1.1 Computing the improved basis for the thermal SZ effect
To compute this new set of basis functions, we first reduce the di-
mensionality of the collision integral by realizing that for isotropic
incoming radiation the azimuthal integrals can be carried out an-
alytically (see Appendix B for details). The electron temperature
enters the problem via the electron distribution function f (p), de-
fined in Eq. (4). If we factorize f (p) as
f (p) =
(
Ne e−1/θe
K2(1/θe) θe
)
× e
−∆γ/θe
4π(mec)3 ,
with ∆γ = γ − 1, we can define the basis functions10
Zk(x) = Nk!
∫ d2σ0
dµ dµ′
∂ke−∆γ/θe
∂kθe
[
nPl(x′) − nPl(x)] dµ dµ′η2dη (9)
N(θe) = e
−1/θe
K2(1/θe) θe ≈
4π
(2πθe)3/2
[
1 − 15
2
θe +
345
128 θ
2
e + O(θ3e)
]
which can be computed numerically for some fixed temperature,
θe ≡ θe,0. The azimuthally averaged cross section d2σ0/ dµ dµ′ is
given by Eq. (B1a). Then the distortion caused by the thSZ effect
10 One could in principle carry out either the integral over µ or µ′ in addi-
tion by defining the logarithmic frequency shift s = ln[(1−βµ)/(1−βµ′)] (cf.
Wright 1979), but the resulting expressions are more complicated and nu-
merical integration over 3 dimensions remains sufficiently straightforward
with high precision so that we stop here.
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Figure 2. Comparison of the basis functions Yk and Zk for θe,0 = 0.03. We
scaled both sets by appropriate factors of k and θe to make them comparable
in amplitude. One can clearly see that the new set of functions, Zk, exhibits
fewer oscillations as k increases. This leads to more stable convergence for
higher orders in θe.
of a hot cluster is determined by
∆nth(x, γˆ) ≈
kmax∑
k=0
∆z(k)Zk(x), (10)
∆z(k) ≡
∫ N(θe)
N(θe,0)
(
θe − θe,0
)k dτ ≈ N(θe)N(θe,0)
(
θe − θe,0
)k
∆τ,
where in the last step we assumed that the electron gas is isother-
mal over the distance dl = c dt. This assumption is always justified
when choosing dl sufficiently small, i.e., by considering the scat-
tering effect for a small volume element of the cluster. The deriva-
tives ∂k
θe
e−∆γ/θe can be performed analytically for any k. In Fig. 2
we compare the first few functions Zk with Yk. One can see that the
new set of functions, Zk, exhibits fewer oscillations as k increases.
This leads to more stable convergence for higher orders in θe.
In Fig. 3 we illustrate the performance of the new expan-
sion. We computed the basis functions, Zk, at reference tempera-
ture θe,0 = 0.03 up to the 20th derivative in θe using SZpack. Clearly
the full numerical result is represented very accurately (with preci-
sion comparable to 0.001%) over a wide range of frequencies and
temperatures. We found that the expansion works well even at tem-
peratures of θe > 0.05. At low temperatures, θe . 0.01, it is better to
rely on the asymptotic expansion based on Yk, since errors start to
become larger. However, the combined description with Yk and the
new functions Zk allows very precise computation of the thSZ effect
in an extremely efficient way. A combination of both approxima-
tions is implemented in SZpack. Alternatively, one could produce
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. Same as Fig. 1 but for slightly higher electron temperature and
using the expansion, Eq. (10), for different orders. Clearly the convergence
is excellent at all frequencies of interest.
a set of basis functions Zk around different reference temperatures
and in this way compress the representation of the full integral in an
economic way, while achieving even higher precision at the same
time. This is especially important when considering effects in sec-
ond order of the cluster’s peculiar motion (velocity of ≃ 3000km/s
say) for which relative precision better than ≃ 10−4 is required.
4 KINEMATIC CORRECTIONS TO THE SZ SIGNAL
To derive the modifications caused by the motion of the cluster
with respect to the CMB and the observer, we describe the scat-
tering process in the rest frame of the cluster, where the incom-
ing radiation field is anisotropic due to kinematic effects. We can
use the formalism developed in Sect. 2 to compute the introduced
distortion by thinking of the problem as scattering of monopolar
through quadrupolar part of the photon distribution. Transforma-
tion of the SZ signal into the observer frame can then be achieved
by simple Lorentz transformation (Sect. 4.2 and 4.3), without ad-
ditional loss of precision. We restrict the main derivation to kine-
matic corrections up to second order in the clusters velocity, βc,
but neglect the effect caused by terms in O(β3c) and scattering of
primordial large-scale CMB anisotropies. We briefly discuss these
effects in Sect. 4.1.5, arguing that close to the crossover frequency
these only contribute at the level of 0.1% relative to the kSZ sig-
nal. Inside the cluster frame, the computation of the SZ signal is
straightforward, and complications related to aberration, retarda-
tion and time-dilation effects, as well as geometrical aspects can be
avoided. These, however, enter the problem when transforming to
a general observer, as we discuss in Sect. 4.5.
4.1 SZ signal in the moving cluster frame
As a first step, we transform the photon distribution from the CMB
rest frame into the cluster frame which is moving with a peculiar
velocity βc. Aligning the z-axis with the direction of the cluster’s
motion, it is straightforward to show that (cf., Chluba et al. 2012)
nc00(xc) ≈ n00 +
β2c
2
[
xc∂xc +
1
3 x
2
c∂
2
xc
]
n00,
nc10(xc) ≈ α1 βc xc∂xc n00
nc20(xc) ≈ α2 β2c x2c∂2xc n00 (11)
in the cluster frame. In the chosen coordinates the photon distri-
bution is azimuthally symmetric about ˆβc, with all other spherical
harmonic coefficients vanishing in O(β2c). We neglected any intrin-
sic large-scale anisotropies of the CMB and set n00 =
√
4π nPl(xc).
Also, α1 = 1/
√
3 and α2 = 1/(3
√
5), and xc = hνc/kTγ, where νc is
the photon frequency evaluated in the cluster frame and Tγ defines
the CMB monopole temperature in the CMB rest frame11.
As Eq. (11) shows, in first order of βc a dipolar anisotropy
is induced by the cluster’s motion relative to the CMB rest frame.
The spectrum for this part of the photon distribution corresponds
to a temperature shift, G(xc) = −xc∂xc nPl = xcexc/(exc − 1)2. In
second order of βc a quadrupolar anisotropy and a small correc-
tion to the monopole appears, where both Doppler boosting and
the aberration effects contribute (Challinor & van Leeuwen 2002;
Kosowsky & Kahniashvili 2011; Amendola et al. 2011; Chluba
2011; Chluba et al. 2012). The spectrum of the quadrupolar part
is Q(xc) = x2c∂2xc nPl = Y0(xc) + 4G(xc), which has a y-type depen-
dence. Similarly, the correction to the monopole exhibits a y-type
distortion. Higher order correction terms (i.e., the motion-induced
octupole, ∝ β3c , and hexa-decupole, ∝ β4c) can be easily obtained,
but for typical peculiar velocities (βc ≃ 10−3 − 10−2) these are very
small (see Sect. 4.1.5). Also, the associated Taylor series in βc con-
verges quickly, which is in stark contrast to the expansion in small
electron temperature and frequency shift discussed above, which
only converges asymptotically.
Inserting Eq. (11) into Eq. (7) and collecting terms we have
∂nc(xc, γˆc)
∂τc
≈
∞∑
k=1
ˆIk00 x
k
c∂
k
xc
[
1 +
β2c
2
(
xc∂xc +
1
3 x
2
c∂
2
xc
)]
nPl
+ βcµ
c
c
∆ ˆI010 xc∂xc nPl +
∞∑
k=1
ˆIk10 x
k
c∂
k
xc
xc∂xc nPl
 (12)
+
1
3 β
2
c P2(µcc)
∆ ˆI020 x2c∂2xc nPl +
∞∑
k=1
ˆIk20 x
k
c∂
k
xc
x2c∂
2
xc
nPl
 .
Here P2(x) = [3x2 − 1]/2 is the second Legendre polynomial and
µcc is the direction cosine of the angle between βc and the outgoing
photon, γˆc, evaluated in the cluster frame. Furthermore, we defined
∆ ˆI0l0 = ˆI
0
l0 − 1, and the moments ˆIklm = Ikl0/Ylm(γˆc), which are only
functions of the electron temperature, θce = kT ce/mec2, fixed in the
cluster frame. Also, dτc ≡ NceσTc dtc defines the Thomson optical
depth, with electron number density, Nce , again in the cluster frame.
Equation (12) is still the general expression, describing the
scattering of CMB photons in the cluster frame, written in a com-
pact way. The required moments are summarized in Appendix C.
Any observer that moves with a velocity βc relative to the CMB
measures a spectral distortion in the direction of the cluster that
is given by this expression. By including as many moments, ˆIkl0,
11 The value of Tγ can be determined, a point that we clarify below.
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as is required to converge for a given cluster temperature, this is
formally the exact result, provided that the value for the peculiar
motion of the cluster allows truncation of the series in βc at second
order. If higher orders in βc are needed then additional moments ˆIkl0
with l > 2 must be computed. However, the series in βc converges
rapidly, so that Eq. (12) should be enough. As expected, when trun-
cating the moment-hierarchy at some finite temperature, we again
encounter problems of convergence for hot clusters. We will show
how to overcome these limitations below.
We also mention that, as expected, the SZ signal is indepen-
dent of the azimuthal angle, φc, of βc with respect to the line-of-
sight, reflecting the symmetry of the scattering process. For the
distortion only the projections of the anisotropic photon distribu-
tion onto Yl0 matters, once the z-axis is re-aligned with the direction
of γˆc. This statement is no longer true when the polarization signa-
ture caused by the kSZ effect is considered (Sunyaev & Zeldovich
1980; Sazonov & Sunyaev 1999); in this case φc defines the direc-
tion perpendicular to the linear polarization plane. Internal motions
of the ICM can cause interesting effects in the polarization signal,
in principle allowing to study the transverse intra-cluster velocity
field (Chluba & Mannheim 2002; Diego et al. 2003). However, a
treatment of the polarization effects, including temperature correc-
tions, is beyond the scope of this paper.
4.1.1 Effect on the monopole spectrum inside the cluster frame
The first sum of Eq. (12) describes the effect of scattering on the
monopole seen in the cluster frame, with second order kinematic
corrections to the Planckian spectrum included. The first contribu-
tion to this sum is the thSZ effect, which affects the purely Planck-
ian part as discussed in the previous section. The other two terms
∝ β2c can be included as corrections to the functions, Yk. Since we
have a simple and numerically stable method for computing deriva-
tives of the Planck spectrum (see Appendix A2), we can obtain
the associated spectral function, Ykink (x) using the moments sum-
marized in Table B1. With the simple operator relations
xk∂kx x∂x = kxk∂kx + xk+1∂k+1x (13)
xk∂kx x
2∂2x = k(k − 1)xk∂kx + 2kxk+1∂k+1x + xk+2∂k+2x ,
the effect of scattering on the monopole part of the photon distribu-
tion, nc0 = nc00(xc)Y00, is given by
∂nc0(xc, γˆc)
∂τc
≈ θce
10∑
k=0
(θce)k
[
Yk(xc) + β2cYkink (xc)
]
(14)
Ykinn =
1
6
2n+2∑
k=1
a
(n)
k
[
k(k + 2)xkc∂kxc + (2k + 3)xk+1c ∂k+1xc + xk+2c ∂k+2xc
]
nPl.
The coefficients a(n)k are given in Table B1. This expression defines
the correction of the SZ signal in second order of βc arising from
the scattering of the monopole part of the photon distribution in the
cluster rest frame. With the definitions of Appendix A1 we can, for
example, write
Ykin0 =
50
3 G +
14
3 Y0 −
11
6 xcG(6G + xc) +
1
6 xcG
˜X(12G + xc) (15)
for the lowest order term in electron temperature. Here we intro-
duced ˜X = x coth
(
x
2
)
. The first few functions Ykink are shown in
Fig. 4. As for the Yk-basis of the thSZ effect we can observe strong
oscillations for larger values of k, indicating that the associated se-
ries in θe converges slowly. The correction from the motion-induced
monopole is the smallest among all kinematic corrections to the SZ
signal, as we discuss below.
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Figure 4. First few functions Ykink , D
kin
k and Qkink . We rescaled by appropri-
ate factors of k and θe = 0.03 to make them comparable in amplitude.
4.1.2 Effect on the dipole and quadrupole part of the spectrum
inside the cluster frame
The next two terms in Eq. (12) are caused by scattering of the dipo-
lar and quadrupolar anisotropy in the cluster frame. The contribu-
tions ∝ ∆ ˆI0l0 include the effect of Thomson scattering (no energy
exchange between electrons and photons) and temperature cor-
rections to the Compton scattering cross section. Comparing with
Eq. (11) it is clear that these terms leave the spectrum of the in-
coming radiation unchanged, but only modify their amplitude by
scattering photons in and out of the line-of-sight. According to
the moments given in the Tables B2 and B3, in second order of
the electron temperature we have ∆ ˆI010 ≈ −1 − 25θce − 15 (θce)2 and
∆ ˆI020 ≈ −9/10 − 35 θce + 18370 (θce)2. An observer in the rest frame of
the moving cluster sees a dipole and quadrupole spectrum with
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nc10(xc) and nc20(xc) given by Eq. (11). When looking towards the
cluster the photon fluxes in the dipolar and quadrupolar parts of
the photon distribution are reduced in both cases, since scatter-
ing out of the line-of-sight dominates. For the dipolar anisotropy
in the cluster frame the leading order term describes the kSZ,
∆n = ∆τcβcµ
c
cG(xc) (Sunyaev & Zeldovich 1980), while for the
quadrupole scattering we have the quadratic kSZ effect (qkSZ),
∆n = − 310∆τcβ2c P2(µcc)xcG(xc) coth(xc/2) = − 310∆τcβ2c P2(µcc)Q(xc).
Here we introduced Q(x) = 4G(x) + Y0(x) = G(x) ˜X(x).
The other terms in Eq. (12) describe changes in the spectrum
of the dipole and quadrupole caused by the scattering process, with
energy transfer from the electrons to the photons. For the total effect
on the dipole part of the photon distribution we therefore have
∂nc1(xc, γˆc)
∂τc
≈ βcµcc
G(xc) + θce
8∑
k=0
(θce)kDkink (xc)
 (16)
Dkinn =
2n+2∑
k=0
d(n)k
[
kxkc∂kxc + x
k+1
c ∂
k+1
xc
]
nPl,
where we used the operator relations, Eq. (13), and d(n)k according
to Table B2. Similarly, for the effect on the quadrupole we find
∂nc2(xc, γˆc)
∂τc
≈ β2c P2(µcc)
− 310Q(xc) + θce
8∑
k=0
(θce)kQkink (xc)

Qkinn =
1
3
2n+2∑
k=0
q(n)k
[
k(k − 1)xkc∂kxc + 2kxk+1c ∂k+1xc + xk+2c ∂k+2xc
]
nPl, (17)
with q(n)k defined according to Table B3. The first few functions Dkink
and Qkink are shown in Fig. 4. We also have
Dkin0 (xc) = −
38
5 G −
12
5 Y0 +
2
5 xcG(6G + xc) (18)
Qkin0 (xc) =
8
15G +
2
15 Y0 −
4
15 xcG(6G + xc) +
1
30 xcG
˜X(12G + xc)
in lowest order term of the electron temperature.
Among all kinematic corrections to the SZ signal, the kSZ
effect in first order of the cluster velocity is the largest. Temperature
corrections to the kSZ can reach ≃ 10% − 20% at high frequencies
and are therefore larger than the correction from the qkSZ effect.
Temperature corrections to the qkSZ effect are already very small,
but still larger or comparable to the signal related to the motion-
induced monopole (Sect. 4.1.1). However, as we show below, it is
easy to include all these effects using an approach similar to the
thSZ effect case, at no additional computational cost.
4.1.3 Comparing with numerical results
It is straightforward to numerically compute the spectral distor-
tion in the rest frame of the cluster. By inserting the transformed
occupation number, nc(xc, γˆc) = nPl(γc xc(1 + βc · γˆc)), into the
Boltzmann equation, Eq. (1), one can directly integrate the colli-
sion term to all orders in βc and θe. We implemented this case as
one of the routines in SZpack to confirm the results obtained with
the simplified approach discussed below. This also allows us to in-
clude the scattering of primordial CMB anisotropies in the cluster
rest frame, but both higher order terms in βc and the scattering of
CMB anisotropies cause very small additional signals, which are
only noticeable close to the crossover frequency, where the thSZ
effect vanishes (see Sect. 4.1.5).
We start by considering the effect of scattering on the dipolar
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Figure 5. Kinematic correction to the SZ signal caused by the motion-
induced dipole (∝ βc) in the cluster frame for different temperatures. In
the limit θe = 0 we have the usual kSZ effect. For θe = 0.05 we also show
the result of the asymptotic expansion, Eq. (16), with 4th order temperature
corrections included, indicating slow convergence at high frequencies.
anisotropy in the cluster frame. We can ease the numerical inte-
gration by using the symmetries of the scattering process: with re-
spect to the outgoing photon direction γˆc we only have to consider
the azimuthally symmetric part of the photon distribution function,
n1(x′, γˆ′) = βcµcc x′∂x′nPl(x′) µsc, with µsc = γˆ′ · γˆc, since the other
contributions all average out. For the dipolar part of the photon dis-
tribution we therefore have
∂nc1(xc, γˆc)
∂τc
= βcµ
c
c
[
G(xc) + Ckin(xc, θce)
]
Ckin(xc, θce) = −N
∫ d2σ1
dµ dµ′ e
−∆γ/θce G(x′c) dµ dµ′η2dη, (19)
where d2σ1/ dµ dµ′ is given by Eq. (B1b). The dependence on the
electron temperature arises from the integral Ckin(xc, θce), which ac-
counts for additional redistribution of photons (up-scattering) over
frequency by energy exchange with the thermal electrons.
The results of the numerical integration are shown in Fig. 5
for different electron temperatures. The case θe = 0 corresponds to
the normal kSZ effect. Temperature corrections are visible only at
high frequencies around x ≃ 1 and 10, reaching ≃ 10%− 20% rela-
tive to the kSZ signal. For θe = 0.05 we also show the result of the
asymptotic expansion, Eq. (16), with 4th order temperature correc-
tions included. At higher frequencies convergence gets slower and
including more orders did not further improve the agreement with
the full numerical result. On the other hand, for low temperatures
(θe ≃ 0.01) we found good agreement of the expansion, Eq. (16),
with the full numerical result. We also confirmed numerically that
the full 5-dimensional collision integral for the dipole part is cor-
rectly represented by Eq. (19).
The corrections in second order of βc can be obtained in a
similar manner. For the motion-induced distortion of the monopole,
defining M(x) = G(x) + Y0(x), we find
∂∆nc0(xc, γˆc)
∂τc
= β2c Z
kin(xc, θce) (20)
Zkin(xc, θce) =
N
6
∫ d2σ0
dµ dµ′ e
−∆γ/θce [M(x′c) −M(xc)] dµ dµ′η2dη
using Eq. (B1a) and (9). Notice that Zkin(xc, θce) = 0 for θce → 0. For
c© 0000 RAS, MNRAS 000, 000–000
Computation of SZ signal 9
0.1 1 10 20 30 50
x = hν / kTγ
-7
-6
-5
-4
-3
-2
-1
0
10
4
x
3
∆n
 / 
∆τ
θ
e
 = 0
θ
e
 = 0.01
θ
e
 = 0.03
θ
e
 = 0.05
asymptotic expansion 
(4th order)
Kinetic SZ effect from quadrupole part for  µ
c
 = 1 and β
c
 = 0.01
0.1 1 10 20 30 50
x = hν / kTγ
-5
-4
-3
-2
-1
0
1
2
3
4
10
5
x
3
∆n
 / 
∆τ
θ
e
 = 0.001
θ
e
 = 0.01
θ
e
 = 0.03
θ
e
 = 0.05
asymptotic expansion 
(8th order)
Kinetic SZ effect from monopole part for  β
c
 = 0.01
Figure 6. Kinematic correction to the SZ signal in the cluster frame to sec-
ond order of βc for different temperatures. The upper panel shows the effect
related to the motion-induced quadrupole. In the limit θe = 0 we obtain the
qkSZ effect. For θe = 0.05 the result of the asymptotic expansion, Eq. (17),
with 4th order temperature corrections included is also shown. — The lower
panel shows the effect related to the motion-induced monopole. It vanishes
in the limit θe = 0. For θe = 0.03 we also give the result of the asymp-
totic expansion, Eq. (17), with 8th order temperature corrections included,
indicating slow convergence at high frequencies.
the quadrupole terms we have
∂nc2(xc, γˆc)
∂τc
= β2c P2(µcc)
[
− 3
10Q(xc) + S
kin(xc, θce)
]
(21)
S kin(xc, θce) =
N
3
∫ d2σ2
dµ dµ′
e−∆γ/θ
c
e
[Q(x′c) − Λ0 Q(xc)] dµ dµ′η2dη
where d2σ2/ dµ dµ′ is defined by Eq. (B1c) and we subtracted the
term proportional to Λ0 = d2σ02/ dµ dµ′/( d2σ2/ dµ dµ′) to cancel
the temperature-independent contribution, 130 Q(xc), caused by scat-
tering of photons into the line-of-sight. Here d2σ02/ dµ dµ′ denotes
the cross section d2σ2/ dµ dµ′ for β = 0.
In Fig. 6 we show the signals caused in second order of the
cluster velocity. Clearly, the correction already becomes very small,
and if relative precision ≃ 10−4−10−3 is not needed, these terms can
certainly be neglected. For the signal related to the motion-induced
quadrupole temperature corrections are again only visible at high
frequencies, reaching ≃ 10% for θe = 0.05. The contribution to
the SZ signal from the motion-induced monopole term vanishes in
the limit θe → 0, since Thomson scattering leaves the monopole
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Figure 7. Comparison of the different SZ signals for θe = 0.05, βc = 0.01
and µc = 1, 0,−1 from top to bottom panel. All temperature corrections
are included for each of the contributions, and the curves were obtained
using the 3-dimensional integrals for monopole through quadrupole scat-
tering. We also show the result obtained with SZpack carrying out the 5-
dimensional collision integral explicitly. Notice that we multiplied the sig-
nals in second order of βc by appropriate factors to make them more visible.
unaltered. As Fig. 6 also indicates, the convergence of the expan-
sions, Eq. (14) and (17) is very slow, and good agreement is only
reached for low electron temperature. We confirmed numerically
that the full 5-dimensional collision integral for the monopole and
quadrupole correction is correctly represented by Eq. (20) and (21).
In Fig. 7 we illustrate the different SZ signals for θe = 0.05,
βc = 0.01 and some values of µc. For µc = 0 the kSZ signal vanishes
and the dominant, but very small, corrections to the thSZ effect are
second order in βc. The motion-induced correction to the monopole
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Figure 8. First few functions Zkink , C
kin
k , and S
kin
k for θe,0 = 0.03. In SZpack
we computed up to k = 20. The functions Zkink are needed to include tem-
perature corrections related to the motion-induced monopole (∝ β2c ), while
Ckink and S
kin
k allow computing temperature corrections to the kSZ (∝ βcµc)
and qkSZ effect (∝ β2c P2(µc)). We rescaled by appropriate factors of k and
θe to make them comparable in amplitude.
is independent of µc, as expected. Also, for µc = −1 the kSZ and
qkSZ signals add while for µc = 1 they have opposite sign.
4.1.4 Improved representation of kinematic SZ corrections
The discussion of Sect. 4.1.3 shows that the expansion in small
frequency shifts for the kinematic corrections also suffers from the
same limitation as the pure thSZ effect. This problem again can be
cured by defining a different set of basis functions to account for
0.1 1 10 20 30
x = hν / kTγ
-0.2
-0.1
0
0.1
0.2
0.3
x3
∆n
 / 
∆τ
θ
e
 = 0.01
θ
e
 = 0.03
θ
e
 = 0.05
approximation (20th order)
Total SZ signal for µ
c
 = 1 and β
c
 = 0.01
1 10 20
x = hν / kTγ
-0.004
-0.003
-0.002
-0.001
0
0.001
0.002
0.003
0.004
0.005
R
el
at
iv
e 
di
ffe
re
nc
e 
in
 %
θ
e
 = 0.01 (20th order)
θ
e
 = 0.02 (20th order)
θ
e
 = 0.05 (20th order)
Crossover frequency
Comparison with numerical result
Figure 9. Comparison of the expansion given by Eq. (10) and (23) with the
full numerical result for reference temperature θe,0 = 0.03. The agreement
clearly is very good. We considered βc = 0.01 and µc = 1 but found similar
performance for other values of µc.
the various temperature terms:
Zkink (x) =
N
6k!
∫ d2σ0
dµ dµ′
∂ke−∆γ/θ
c
e
∂kθce
[M(x′) −M(x)] dµ dµ′η2dη,
Ckink (x) = −
N
k!
∫ d2σ1
dµ dµ′
∂ke−∆γ/θ
c
e
∂kθce
G(x′) dµ dµ′η2dη, (22)
S kink (x) =
N
3k!
∫ d2σ2
dµ dµ′
∂ke−∆γ/θ
c
e
∂kθce
[Q(x′) − Λ0 Q(x)] dµ dµ′η2dη
Similar to the thSZ signal (Sect. 3.1.1), we avoided taking the tem-
perature derivative of the normalization factor, N(θce) by pulling it
in front of the integral. Using this basis, the kinematic corrections
to the SZ signal in the small optical depth limit can be expressed as
∆nckin(xc, γˆc) ≈ βcµcc
∆τcG(xc) +
kmax∑
k=0
∆z(k)Ckink (xc)
 (23)
+ β2c
kmax∑
k=0
∆z(k)Zkink (xc) + β2c P2(µcc)
−3∆τ
c
10
Q(xc) +
kmax∑
k=0
∆z(k)S kink (xc)
 .
In Fig. 8 we show the first few basis functions for Zkink , Ckink , and
S kink for illustration. For precise representation of the SZ signal we
numerically computed the basis up to kmax = 20 with relative error
set to . 10−6. In comparison to the normal asymptotic expansion
the new set of basis functions again exhibits far fewer oscillations
even for higher values of k. Equation (23) therefore allows very
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Figure 10. Illustration for the transformation of scattering optical depth. The received photons leave the scattering slab of medium at xc2 = x2 and time t
c
2 = t2 .
This is the space-time point at which we synchronized the wavefronts. The length of the slab measured inside the cluster frame is Lc = xc2 − xc1 = c∆tc (upper
panel). A photon that is scattered at xc1 at time tc1 = tc2 − ∆tc into the line-of-sight is received by the observer at the same time as a photon that is scattered at
xc2 and time t
c
2 . — When the slab is moving with velocity v = c β towards the observer (lower panel), the momentary length of the slab is reduced to L = Lc/γ
by Lorentz-contraction. A photon that is scattered at x1(t1) = x2(t2) − (L + ∆L) = c∆t is received by the observer at the same time as a photon scattered at
x2(t2) ≡ xc2(tc2) towards the distant observer. During the interval ∆t the end of the slab moved by ∆L = βc∆t to x1(t2 = tc2) = x2 − L. We therefore find the
effective time-interval ∆t = L/c(1 − β) = ∆tc/γ(1 − β) ≡ γ(1 + β)∆tc over which the scatterings of photons that are received simultaneously by the resting
observer take place. For illustration we chose β = 0.6, so that L = 0.8Lc, ∆L = 1.2Lc and ∆t = 2∆tc.
precise computation of the SZ signals for an observer at rest in the
cluster frame.
With Eq. (23) we can now compute the SZ signals in a very
fast and economic way. In Fig. 9 we illustrate the performance of
this expansion. For all considered cases we find agreement at the
level . 0.001% with the full numerical result in second order of βc,
at least away from the crossover frequency, where the total signal
is small. For temperatures θe . 0.01 one can use the asymptotic
expansions given above to compute the SZ signals. A combination
of both set of basis functions therefore allows calculation of the SZ
signal with very high precision. We implemented these approxima-
tions in SZpack, and found that even for θe ≃ 0.06 − 0.07 the new
set of basis functions still represents the full numerical result with
precision . 0.1%. We also checked the expressions for other values
of µc and found excellent agreement with the full numerical result.
To emphasize the improvement in the performance, evaluation
of the full 5-dimensional collision term on a standard laptop takes
about 2 minutes for 40 frequency points with SZpack, while calcu-
lation of the SZ signal with our improved set of basis functions is
practically instantaneous. For computations of the SZ signals from
simulated clusters this makes an important difference.
4.1.5 Additional small corrections
When considering terms in second order of βc, in reality one should
also include the primordial CMB quadrupole, octupole and other
large-scale anisotropies, which all have a spectrum xc∂xc nPl(xc). For
clusters with βc ≃ 3 × 10−3 these in principle have comparable am-
plitude (≃ 10−5 − 10−4), and in different orders of the electron tem-
perature the anisotropies they do couple to the Compton scattering
cross section. With the 5-dimensional collision term we can esti-
mate this effect using SZpack. We found that the correction always
entered at the relative level of ∆n/n . 10−4, except for close to the
crossover frequency, where the correction could reach ≃ 0.1% of
the kSZ signal. However, in absolute terms this correction is tiny.
Similarly, higher order motion-induced corrections remain small. If
extremely high precision was required it would be straightforward
to include these terms. We also confirmed that the effect of stimu-
lated scattering and electron recoil become important at a relative
level ∆n/n . 10−6.
4.2 Transforming the SZ signal into the CMB rest frame
The expressions for the SZ signal discussed so far are only valid
for an observer at rest in the cluster frame. Also, they describe
the change of the photon occupation number caused by electron
scattering assuming the optically thin limit, and multiplication
by 2hν3/c2 gives the distortion of the spectral intensity signal.
As mentioned above, in the cluster frame the derivation is rather
straightforward and very clear in terms of the required scattering
physics. However, the transformation to a general observer be-
comes slightly more complicated, especially when thinking about
real measurements and the appearance of the cluster to the observer
(see Sect. 4.5).
Below we consider the transformation of the SZ intensity sig-
nal into an arbitrary observer frame. However, to understand the
problem it is easiest to start with the special case of an observer
at rest with respect to the CMB, where the CMB spectrum is given
by a blackbody, nPl(x), with no anisotropies. From the cosmological
point of view this is also the most relevant frame, for instance when
discussing about the statistics of the large-scale velocity field. The
first obvious transformation relates the frequencies of the observed
photons: xc = γc x(1 − βcµc), accounting for the Doppler effect.
Transformation of γˆc gives µcc = (µc − βc)/(1 − βcµc), describing
the relativistic aberration effect. Here µc = βc · γˆ is measured in
the CMB frame, while the azimuthal angle under which the scat-
tered photon is received does not change. These expressions can be
directly inserted into the formulae describing the SZ signals, e.g.,
Eq. (10) and (23), when using our improved set of basis functions.
However, there are two additional transformations that deserve a
few comments. The first is related to the optical depth and the other
to the electron and photon temperature.
4.2.1 Transformation of the optical depth
Let us start by considering the optical depth along a given line-
of-sight. Because time along the photon’s path transforms as12
(compare Sazonov & Sunyaev 1998) dtc = γ−1c (1 + βcµcc)−1 dt ≡
γc(1 − βcµc) dt, for the differential of the optical depth we have
12 We denote time with t and spatial coordinate with r in the CMB frame.
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dτc(tc, rc) = γc(1 − βcµc)cσTNce (tc, rc) dt ≡ (1 − βcµc) dτ(t, r),
where we used Nce (tc, rc) ≡ Ne(t, r)/γc (also see Chluba et al. 2012,
for more detailed explanation). The Lorentz factors cancel out af-
ter combining time-dilation and length-contraction. The remaining
factor of (1 − βcµc) accounts for the effect of retardation: while
photons are propagating along a given line-of-sight the cluster is
moving with βcµc along that same line-of-sight. For a fixed inter-
val ∆t ≡ ∆tc this shortens the apparent distance that photons travel
through the cluster medium by (1 − βcµc).
However, in terms of the SZ signals, the factor (1 − βcµc)
should not be considered separately, since physically the rele-
vant quantity is the total number of scattering events, Nsc(γˆc),
along the photon path through the ICM, which is Lorentz-invariant
and related to the integrated scattering optical depth (see e.g.,
Rybicki & Lightman 1979; Abramowicz et al. 1991). Different ob-
servers therefore always agree on the number of scatterings encoun-
tered by the photons along a given geodesic through the cluster.
The apparent direction under which the photon is received along a
particular geodesic and also the specific moments of the scattering
events depends on the frame because of the aberration effect, time-
dilation and also geometric effects, but Nsc(γˆc) is always identical.
To understand this point better, let us consider a simpler case
in which a thin slab of scattering medium is moving with β along
the x-axis towards the observer (see Fig. 10 for illustration). If the
cluster and observer are at rest with respect to each other, then we
have the optical depth ∆τc ≡
∫ tc2
tc1
cσTNce dtc = σTNce Lc ∝ Nsc. Here
we assumed a constant number density, Nce , of electrons along the
slab. As indicated, ∆τc is directly proportional to the number of
scatterings along the photon path, or equivalently, the number of
electrons encountered by the photon along the given world line.
Using the transformation for dτ given above, we also have
∆τc ≡ (1 − β)
∫ t2
t1
cσTNe dt = (1 − β)cσTNe∆t. As illustrated in
Fig. 10, the effective interval over which the scatterings take place
increases to ∆t = ∆tc/γ(1 − β) = Lc/cγ(1 − β). We therefore have
(1 − β)cσTNe∆t = σTNeLc/γ = ∆τc, because Nce = Ne/γ. More
generally, this implies that the integral ∆τ∗(γˆ) =
∫ t2
t1
cσTNe dt has
the interpretation ∆τ∗(γˆ) = ∆τc(γˆc)/(1− βcµc) in terms of the clus-
ter frame line-of-sight optical depth along the photon’s world line
defined by γˆc. This shows that ∆τ∗(γˆ) is no longer just related to the
number of scatterings (or the scattering optical depth in the classi-
cal sense) along the photon’s path but includes a kinematic factor
(1 − βcµc)−1 to account for the change of the electron flux in the
CMB rest frame. This implies that the variable ∆τ∗(γˆ) describes a
mixture of scattering effects and kinematic correction terms.
To compute the SZ signals in different observer frames we
directly use ∆τc(γˆc), only transforming the apparent directions un-
der which the photon are received. This variable is very convenient
because ∆τc ∝ Nsc without any extra dependence on the cluster’s
(or observer’s) motion, such that a clean separation of scattering
and kinematic effects is achieved. As we explain in Sect. 4.4, in
comparison with previous works (e.g., Sazonov & Sunyaev 1998;
Nozawa et al. 1998, 2006; Shimon & Rephaeli 2004) this makes a
difference for the interpretation of the kinematic correction terms
at order O(βcθe) and O(β2c).
4.2.2 Transformations of electron and photon temperature
The effects mentioned in this section only become relevant for fu-
ture high, precision SZ observations, because they enter the SZ sig-
nal at order O(βcθe) and O(β2cθe). Nevertheless, they touch on inter-
esting aspects connected with the determination of the cluster frame
electron temperature, T ce , and the CMB temperature, Tγ, which are
worth discussing briefly. In particular, when considering the prob-
lem of eliminating T ce from the expressions for the SZ signal, e.g.,
with X-ray observations, this section should be of interest.
It is evident that only in the rest frame of the moving cluster
(or a small volume element with constant temperature and number
density) it is possible to define T ce in a meaningful way (see Reiser
1994; Chaco´n-Acosta et al. 2010, for some related discussion). In
this sense the temperature of the gas becomes a parameter that,
like the rest mass, describes the properties of a parcel of gas. An
observer, who is moving with respect to the cluster frame, can only
indirectly infer the rest frame electron temperature, for example, by
measuring the widths of thermally broadened resonance lines, the
shape of the X-ray spectrum, or even by measuring the SZ signals
discussed here. In all these cases we observe some photons and
by using the Lorentz-invariance of the photon occupation number,
after making assumptions about the physical processes causing the
signal, we can in principle understand how to infer the electron
temperature defined in the rest frame of the cluster. Consequently,
the ‘measured’ value for the electron temperature, T ′e, is directly
linked to the method that was used to obtain it.
Thinking, for example, of a thermally broadened resonance, it
is clear that to first order in βc only the position of the line changes,
but its fractional width remains the same, so that one can directly
infer T ′e ≈ T ce . In second order of the motion this is no longer true,
and the detailed transformation law for the photon distribution into
the observer frame has to be considered. When using the cluster’s
X-ray spectrum to determine the electron temperature, it is also im-
portant that to first order in βc the Doppler effect again changes the
received photon frequency. This implies that the inferred value of
the electron temperature (by fitting the shape of the X-ray spec-
trum) is T ′e ≃ T ce/(1 − βcµc). However, in both the narrow line and
X-ray spectrum case degeneracies with the redshift of the cluster
exist. This shows, that as long as kinematic corrections are insignif-
icant (say in comparison to the measurement errors) we need not
worry about the way T ce was inferred; however, small differences do
arise at high precision, and dependencies on the method becomes
an issue. Observationally, measurements of the electron tempera-
ture (e.g., from X-rays) at the sub-percent level are futuristic, so
that this effect will not become significant any time soon.
For similar reasons, determinations of the monopole temper-
ature of the CMB, Tγ, must be considered with care. In the CMB
rest frame, by averaging the spectrum over the whole sky, we di-
rectly find the value of Tγ, by comparing the average spectrum
with a blackbody. The same result is of course obtained by mea-
suring the spectrum in any single direction (we neglect primordial
CMB anisotropies). However, for an observer who is moving with
respect to the CMB, the ‘observed’ value for the CMB temperature,
T ′γ, in second order of the peculiar motion again depends on the
observational strategy. By subtracting the motion-induced dipole
and quadrupole temperature anisotropy in the moving frame, the
monopole temperature is T ′γ ≈ Tγ(1 − β2c/6) (Chluba & Sunyaev
2004). If on the other hand, we just integrate the observed inten-
sity (including the motion-induced dipole and quadrupole spectral
anisotropies) over the whole sky, we find an average energy density
of ργ ≈ aRT 4γ (1 + 43β2c) because of the superposition of blackbod-
ies with spatially varying temperatures (Chluba & Sunyaev 2004;
Chluba et al. 2012). Here aR is the radiation constant. We therefore
can infer an effective temperature of T ′γ ≈ Tγ(1 + β2c/3).
These are just two simple (though not necessarily practical)
examples of how the measurement procedure determines the rela-
tion between the observable, T ′γ, and the rest frame CMB temper-
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Figure 11. Kinematic corrections from a change of the observer’s frame.
The solid/black line shows the SZ signal for a cluster with θe = 0.03,
βc = 0.01 and µc = 1 in the cluster frame. The other two lines show the
correction to this signal (times 10) when transforming into the CMB rest
frame (dashed/blue line) and for an observer who is moving in the opposite
direction of the cluster with βo = 0.01.
ature, Tγ. Since in our expressions derived for the SZ signals both
T ce and Tγ appear, it is important to bear the above comments in
mind, when interpreting measurements at high precision. The val-
ues of T ′γ and T ′e obtained by some method in the moving frame
affect the inference made for the SZ effect. For Tγ, this only enters
the problem via terms connected with the thSZ effect, e.g., Eq. (10),
since all kinematic correction terms are already at least of first or-
der in βc. However, for T ce kinematic terms can even give rise to
corrections ∝ βcθe. In other words, errors on the inferred values for
Tγ and T ce will become important when interpreting the SZ signals
with high precision. For the current precision in the value of the
CMB monopole, this limits the interpretation of SZ signals to no
better than ≃ 0.1%, but in the future the monopole of the CMB
might be measured with much higher accuracy, for example using
PIXIE (Kogut et al. 2011).
4.2.3 Final SZ signal in the CMB rest frame
With the comments above it is now straightforward to obtain the
appropriate expressions for the SZ signal in the CMB rest frame.
Using Eq. (10) and Eq. (23), for a given observing frequency, x,
electron temperature, T ce , cluster velocity, βc and direction, µc, and
line-of-sight optical depth, ∆τc, we must evaluate the expressions
at frequency xc = γc x(1−βcµc) and µcc = (µc−βc)/(1−βcµc). In this
way we obtain a precise prediction for the associated SZ signal up
to second order in βc. For simplicity one could insert µcc ≈ µc and
xc ≈ x for all terms that are already of second order in βc, but this is
not required, as the ‘error’ enters at O(β3c). Similarly, for terms that
are already first order in βc one can use µcc ≈ µc − βc(1 − µ2c) and
xc ≈ x(1 − βcµc).
In Fig. 11 we illustrate how the transformation back into the
CMB rest frame affects the observed signal. The main effect is a
shift of the photon spectrum towards higher frequencies. For the
considered case, the correction is comparable to ≃ 5% of the SZ
signal in the cluster frame. In particular, close to the crossover fre-
quency, xcr ≃ 3.83, the kinematic correction makes a large differ-
ence, shifting xcr towards higher frequencies.
When looking at an extended object, there is a collection of
sight lines through the object. Each of them has a different value of
µ′c. Fixing the axis toward the object and assuming that it is mov-
ing as a whole in one direction with velocity vector defined by µc
and φc relative to this axis, µ′c is given by µ′c = µcµ + cos(φc −
φ)√(1 − µ2c)(1 − µ2). Here µ = cos(θ) and φ defines the line-of-
sight relative to the reference axis. Typical clusters have angular
size of only a few arcminutes (≃ few × 10−4 rad), so we can ap-
proximate µ′c ≈ µc(1 − 12 θ2) + cos(φc − φ)
√
1 − µ2c θ. At a relative
precision of ≃ 10−4 − 10−3 one can therefore neglect higher order
terms and just use µ′c ≈ µc for each line-of-sight through the clus-
ter. This is equivalent to the flat-sky approximation and the optical
depth in this case is just a function of position on the sky ∆τc(θ, φ)
with roughly one common value of µc independent of φc.
4.3 Transforming into the frame of a general observer
Following the discussion of the previous section, it is now trivial
to give the transformation laws for a general observer. If the ob-
server is moving at a velocity βo with respect to the CMB, we
can first transform the SZ signal from the cluster frame into the
CMB frame and then subsequently relate the observed photon fre-
quency xo and photon direction γˆo to the corresponding quantities
in the CMB frame. To study the large-scale velocity fields we are
interested in the values βc and µc inside the CMB frame, and it is
therefore unnecessary to express these ‘parameters’ in the observer
frame. Thus, we can simply use the transformations
xc = γc x[1 − βcµc] = γcγoxo[1 − βcµc][1 + βoµo],
µcc =
µc − βc
1 − βcµc , µ =
µo + βo
1 + βoµo
, (24)
with the Lorentz-factors γc = 1/
√
1 − β2c and γo = 1/
√
1 − β2o, and
direction cosines µc = ˆβc · γˆ, µ = ˆβo · γˆ, and µo = ˆβo · γˆo. The
photon frequency, xo, and the value of µo are directly measured
in the observer’s frame, but the dependences of the SZ signal on
the cluster’s and observer’s peculiar motions and the relevant di-
rection cosines are still expressed in the rest frame of the CMB. As
mentioned above, this is a reasonable choice, since in this way the
interpretation of the measured SZ signal (in the observer’s frame)
directly reveals βc and µc in the CMB rest frame, the quantities we
are after from the cosmological point of view.
The value of βo can be directly determined by looking at the
CMB temperature dipole inside the observer’s frame. For our mo-
tion with respect to the CMB rest frame we have βo = 1.241 ×
10−3(1 ± 0.2%) towards (l, b) = (264.14◦ ± 0.15◦, 48.26◦ ± 0.15◦)
in galactic coordinates (Fixsen et al. 1996; Fixsen & Mather 2002).
The value of µo is then also fixed, by comparing the position
of the cluster on the sky with the dipole axis. Since βo is small
the additional modification caused by our motion relative to the
CMB rest frame also remains small. This effect was first investi-
gated by Chluba et al. (2005). Their expressions for the SZ inten-
sity change were confirmed by (Nozawa et al. 2005). It was also
pointed out that the motion of the Solar System should lead to
a dipolar anisotropy in the cluster number counts (Chluba et al.
2005). Furthermore, the small errorbars on βo and the direction of
the dipole imply that the effect of our motion with respect to the
CMB can be taken out with ≃ 0.1% precision.
With Eq. (24), we can verify that xc = x0 for βc ≡ βo. Here it is
important to note that in the observer’s frame we measure µo ≡ µcc,
and hence (1 − βcµc)(1 + βoµo) = (1 − βcµc)(1 + βcµcc) ≡ γ−2c . For
an observer at rest in the CMB frame we also find xo = x and
µo = µ, as expected. Note that by using the expressions (24) we
can avoid additional approximations related to the transformation
c© 0000 RAS, MNRAS 000, 000–000
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into the observer’s frame. The precision of the predicted SZ signal
is therefore only limited by how well we are able to represent the
distortion in the cluster frame.
In Fig. 11 we illustrate how the SZ signal is affected by the
transformation to an observer moving with a rather large velocity
in the opposite direction of the cluster. For comparison, our motion
relative to the CMB rest frame causes a maximal correction that is
about one order of magnitude smaller. Notice that for the computa-
tion of the SZ signal we used our expansions, Eq. (10) and Eq. (23),
and only needed to fix ∆τ, Te, Tγ, βc, µc, βo, and µo. Here, we as-
sumed that the cluster is isothermal along the line-of-sight and we
omitted bulk flows of the ICM. From CMB observations we can di-
rectly infer Tγ, βo, and µo. The remaining parameters describing the
SZ signal are ∆τ, Te, βc, and µc; these can be directly constrained by
multi-frequency SZ observations, where ∆τ and Te now denote the
cluster frame scattering optical depth and electron temperature, re-
spectively. Generalization to the non-isothermal case and inclusion
of bulk flows of the ICM is straightforward and will be discussed
in our future work.
4.4 Comparison with previous results (CMB rest frame)
We now compare our results for the kinematic corrections directly
with the expressions given by different groups. For this we consider
the SZ signal as measured in the CMB rest frame. Following the
discussion of Sect. 4.2, and using the analytic expressions for the
asymptotic expansion given above, for βc ≪ 1 we find
∆n(x, γˆ)
∆τ(γˆ) ≈ θe
kmax∑
k=0
θke
(
Yk + β2c
[
Ykink +
1
6DxYk
])
− 1
3
β2cD∗xK(x)
+ βcµc
G + θe
kmax∑
k=0
θke
[
Dkink − x ∂xYk
] (25)
+ β2c P2(µc)
− 310Q +
2
3D
∗∗
x K + θe
kmax∑
k=0
θke
[
Qkink +
1
3 x
2∂2xYk
] .
We emphasize again that ∆τ and Te denote the cluster frame scat-
tering optical depth and electron temperature, respectively. All
frequency-dependent functions are evaluated at frequency x and
we used µ2 = 23 P2(µ) + 13 . We also defined the differential oper-
ators Dx = 3x ∂x + x2∂2x, D∗x = 2 + x ∂x, and D∗∗x = 1 − x ∂x , and
the spectral function K =
(
G + θe ∑kmaxk=0 θke Dkink
)
. As before, we as-
sumed that the cluster is isothermal and has no internal bulk flows.
With Eq. (25) we can easily read off terms of different orders
in the electron temperature and βc. As mentioned earlier, our ex-
pression for the purely thSZ effect agree with those given earlier
in the literature (Challinor & Lasenby 1998; Sazonov & Sunyaev
1998; Itoh et al. 1998; Shimon & Rephaeli 2004). Also the kSZ
term, ∝ βcµcG, is the same. For the qkSZ effect we however find
∆nqkSZ(x, γˆ)
∆τ(γˆ) ≈
11
30 β
2
c P2(µc)Q(x) (26)
in the CMB frame, where we used D∗∗x G ≡ Q(x) = G(x) ˜X(x).
This result differs by − 23β2c P2(µc)G(x) from the corresponding
terms given in13 Sazonov & Sunyaev (1998), Nozawa et al. (1998),
Shimon & Rephaeli (2004), and Nozawa et al. (2006).
The difference arises because other conventions for the opti-
cal depth variable were used in these earlier works. This aspect was
13 Challinor & Lasenby (1999) only gave the kinetic equation to describe
the scattering of CMB photons by moving electrons, but did not integrate it.
not explicitly addressed previously, but with the explanations given
in Sect. 4.2.1 it is straightforward to show that Sazonov & Sunyaev
(1998) and Shimon & Rephaeli (2004) expressed the SZ signal in
terms of ∆τ∗ = ∆τ/(1 − βcµc), while Nozawa et al. (1998) and
Nozawa et al. (2006) used ∆τ∗∗ = ∆τ∗/γc. These redefinitions ex-
plain the above difference and consequently imply alternative in-
terpretations of the kinematic corrections to the SZ signal in each
case. From the physical point of view the variables ∆τ∗ and ∆τ∗∗
both describe a mixture of scattering and kinematic terms, while
with our choice of variables these effects are cleanly separated.
Similarly, for the kinematic term ∝ β2c (with no additional de-
pendence on µc) we find
∆nmkSZ(x, γˆ)
∆τ(γˆ) ≈
1
3 β
2
c [Q(x) − 3G(x)] ≡
1
3 β
2
c [Y0(x) + G(x)] (27)
using D∗xG ≡ −Q(x) + 3G(x) = −M(x). This differs by − β
2
c
3 G(x)
from the results of Sazonov & Sunyaev (1998), Nozawa et al.
(1998), Shimon & Rephaeli (2004), and Nozawa et al. (2006), for
the same reason as above.
4.4.1 Temperature and velocity cross-term in first order of βc
From Eq. (25) in first order of the electron temperature we obtain
∆nX(x, γˆ)
∆τ(γˆ) ≈ θeβcµc
[
Dkin0 − x ∂xY0
]
= θeβcµc
[
−1385 G −
42
5 Y0 +
7
5 xG(6G + x)
]
. (28)
Again this expression differs from the one of Sazonov & Sunyaev
(1998) and Nozawa et al. (1998, 2006) by the amount expected
from the redefinitions of the optical depth variables explained
above, i.e., −θeβcµcY0. The result of Shimon & Rephaeli (2004) for
this term differs from ours by additional −θeβcµcG. We attribute this
to a slight inconsistency related to the use of the Lorentz-invariance
of the electron phase space distribution in Shimon & Rephaeli
(2004), but did not investigate this question any further. This dif-
ference was also discussed in Nozawa et al. (2006).
To conclude, at first order in βc we find full agreement of
our results for the asymptotic expansion of the Boltzmann colli-
sion term with those given in previous works (Sazonov & Sunyaev
1998; Nozawa et al. 1998, 2006); however, only after including the
extra factor of (1−βcµc) caused by the retardation effect in the defi-
nitions of the scattering optical depth. This factor is absorbed by the
line-of-sight integral and does not appear separately, as explained in
Sect. 4.2.1. When interpreting the SZ signals of individual clusters
this difference can become important at the level of a few percent.
4.4.2 Temperature and velocity cross-term in second order of βc
For similar reasons, the temperature correction ∝ β2cθeP2(µc) given
by Nozawa et al. (1998, 2006) and Shimon & Rephaeli (2004), and
all other second order kinematic terms also differ from our expres-
sions by some small amount. For example, our first order tempera-
ture correction ∝ β2cθeP2(µc) reads
∆nqkSZ,(1)(x, γˆ)
∆τ(γˆ) ≈ β
2
cθeP2(µc)
[
Qkin0 +
2
3 (1 − x ∂x)D
kin
0 +
2
3 x
2∂2xY0
]
= β2cθeP2(µc)
[
128
5 G +
32
5 Y0 + 6x
3∂3xnPl +
19
30 x
4∂4xnPl
]
, (29)
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where we used Eq. (18) to simplify the expression. The additional
term related to the retardation factor (1 − βcµc) from the optical
depth gives rise to −(2/3)β2cθeP2(µc)(Dkin0 − x ∂xY0), yielding
∆nqkSZ,(1)(x, γˆ)
∆τ∗(γˆ) ≈ β
2
cθeP2(µc)
[
44G + 12Y0 + 6x3∂3xnPl +
19
30 x
4∂4xnPl
]
.
With Eq. (A1) one can show the equivalence to the expression of
Nozawa et al. (1998), noting that ∆τ∗ = ∆τ∗∗ + O(β2c). However, in
the present work the factor (1 − βcµc) is not considered separately,
but as part of the optical depth integral. Otherwise, the interpreta-
tion of optical depth is different and does not only reflect the effect
of scattering, as explained above.
Nozawa et al. (1998) did not explicitly carry out the transfor-
mation of the electron number density into the CMB rest frame.
This introduces another factor of γ−1c ≈ 1 − 12β2c , which affects the
expressions for the terms ∝ β2cθke (without extra µc-dependence).
For example, we find
∆nmkSZ,(1)(x, γˆ)
∆τ(γˆ) ≈ β
2
cθe
[
2Ykin0 −
2
3 (2 + x ∂x)D
kin
0
]
(30)
= β2cθe
[
234
5 G +
66
5 Y0 +
77
15 x
3∂3xnPl +
7
15 x
4∂4xnPl
]
,
where we made use of Eq. (15), and DxYk ≡ 6Ykink . Transforming
to ∆τ∗ gives an extra term, − 13β2cθe[Dkin0 − x ∂xY0], so that
∆nmkSZ,(1)(x, γˆ)
∆τ∗(γˆ) ≈ β
2
cθe
[
1
3 Y0 +
2
3 Y1
]
.
This is precisely 12β
2
cθeY0 smaller than the expression of
Nozawa et al. (1998), which, as mentioned above, is because Nce
was used to define the optical depth integral instead of Ne = Nce/γc.
However, this modification is small and should not affect the final
result and interpretation of the SZ signal significantly. We also note
that the difference in the definition of Ne does not affect the lowest
order β2c term, Eq. (30), since Thomson scattering leaves the CMB
monopole spectrum unaltered.
4.4.3 Energy-transfer and conservation of photon number
From the final solution for the cluster SZ signal one can compute
the change in the number density of photons and also the total
Compton energy transfer caused by the moving cluster. This can
directly serve as a consistency check (Sazonov & Sunyaev 1998;
Itoh et al. 1998), because the total number of photons should not
change and also the energy transfer rate is well-known in this case.
However, when considering different lines-of-sight through a ex-
tended object and the average properties of the received photon in-
tensity, some subtle effects arise which we explain here.
Before carrying out the line-of-sight integral, from the photon
Boltzmann equation we have
dn(x, γˆ)
dt
≈ (1 − βcµc)cσTNe∆n(x, γˆ)
∆τ(γˆ) , (31)
where ∆n(x, γˆ)/∆τ(γˆ) is given by Eq. (25). This expression is con-
sistent with Sazonov & Sunyaev (1998) for all orders in βc and θe
presented there. Up to second order in βc, it is also equivalent to the
expression obtained from the Lorentz-boosted Boltzmann collision
term, which was used by Nozawa et al. (1998) and more recently in
the cosmological context by Chluba et al. (2012). However, as ex-
plained above the collision term presented by Nozawa et al. (1998)
has to be multiplied by 1/γc in addition, to transform Nce to Ne.
For a fixed time, from Eq. (31) we can carry out the angle
averages and compute how much the photon field is affected by
scatterings at a given location. Since 12
∫
Pi(µ) dµ = 0 for i > 0,
and because 12
∫
µP1(µ) dµ = 13 and 12
∫
µP2(µ) dµ = 0, we find
〈
dn(x, γˆ)
cσTNe dt
〉
≈ θe
kmax∑
k=0
θke
(
Yk + 2 β2cYkink
)
− 1
3
β2cD∗xK(x)
− 13β
2
c
G + θe
kmax∑
k=0
θke
[
Dkink − x ∂xYk
] , (32)
Considering, for example, the case θe = 0 we have〈
dn(x, γˆ)
cσTNe dt
〉
θe=0
≈ 13β
2
cQ(x) −
4
3β
2
cG ≡
1
3β
2
cY0(x). (33)
This expression implies
〈 dNγ
dt
〉
θe=0
= 0 for the change of the local
photon number density, confirming that the scattering event con-
serves photon number. We also find
〈 dργ (γˆ)
dt
〉
θe=0
= 43β
2
cργcσTNe
for the change of the energy density, which is in agreement with
the classical result for the Compton energy transfer (e.g., see
Blumenthal & Gould 1970; Rybicki & Lightman 1979). We con-
firmed that higher order terms also yield consistent results with re-
spect to photon number conservation and energy transfer.
However, an important difference arises if we first carry out
the line-of-sight integral and then average over different photon di-
rections. Let us again consider the terms for θe = 0. From Eq. (25)
and (27) we have〈
∆n(x, γˆ)
∆τ(γˆ)
〉
θe=0
≈ 13β
2
cY0(x) +
1
3β
2
cG, (34)
which means〈
∆Nγ
∆τ
〉
θe=0
≈ β2c Nγ and
〈
∆ργ
∆τ
〉
θe=0
≈ 83β
2
cργ. (35)
Not only does this apparently violate the photon number conser-
vation, but also the transferred power is two times larger than that
given by the classical formula. What is happening here?
The explanation is related to the difference between emitted
and received power from a moving source (Rybicki & Lightman
1979). For the classical expression given above, the power emitted
at a single point is integrated over all directions for any given in-
stance of time. Imagining several sources embedded along a slab of
medium, the average emitted power from all these sources is pro-
portional to the number of sources inside the slab. However, the to-
tal power emitted by these sources was computed for each individ-
ual source separately and then averaged over the different sources.
This is equivalent to placing all the sources into a single point and
then averaging the emitted photon field using time-intervals mea-
sured in the source frame. In contrast, the averages Eq. (35) are
carried out such that the time-intervals are measured by the ob-
server, with the retardation effects consistently included. For SZ
observations by some distant observers placed on a sphere around
the cluster, Eq. (35) is therefore the relevant expression.
4.5 Appearance of the SZ cluster and additional kinematic
effects on the measured quantities
Thus far we have only considered the transformation of the photon
occupation number and how the spectral intensity along a given
line-of-sight is affected by kinematic corrections. However, addi-
tional effects arise in practice. For example, due to the aberration
effect different rays of photons change their separation: in the di-
rection of the motion they become closer, while in the opposite
c© 0000 RAS, MNRAS 000, 000–000
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direction they diverge from each other. This means that when ob-
serving the flux of photons in a given direction and some fixed solid
angle in different frames, the signal changes accordingly. Conse-
quently, the apparent angular size of the cluster changes by a small
amount (Chluba et al. 2005), depending on the direction of the mo-
tion of the observer relative to the cluster. Furthermore, the geom-
etry of the cluster affects the apparent shape on the sky, and devi-
ations from non-isothermality and the radial distributions of elec-
trons modify the SZ signals. If we were to compare the results ob-
tained by different observers or in different directions on the sky,
this effect must be taken into account.
Also, in observations the photon flux is integrated over some
frequency filter and with a finite sampling rate. Fixing these in dif-
ferent frames implies kinematic corrections to the ‘observed’ SZ
signals for different observers. Similarly, it matters if photon flux
or intensity are consider. We will discuss these aspects of the prob-
lem in more detail in another work.
4.6 Astrophysical contaminations
There is a long list of additional effects that affect the SZ sig-
nal or compromise its interpretation at some significant level. For
example, we neglected the effect of multiple scattering (see e.g.
Rephaeli 1995a; Molnar & Birkinshaw 1999; Dolgov et al. 2001;
Shimon & Rephaeli 2004; Nozawa et al. 2009), which should be
most noticeable close to the crossover frequency. It is also known
that the ICM should host populations of non-thermal electrons
(e.g., Enßlin & Kaiser 2000; Blasi et al. 2000; Colafrancesco et al.
2003). These give rise to non-thermal SZ distortions, which we
omitted here, but do affect the SZ signal, especially at high frequen-
cies. Also, the local radiation field inside the cluster is not neces-
sarily described by a pure blackbody but could be contaminated,
e.g., by synchrotron radiation. In that case one must also consider
the effect of up-scattering for these parts of the photon distribution,
another problem we leave for some future investigation. Moreover,
galaxy clusters can act as a moving lens, deflecting photon from the
CMB background and causing a characteristic temperature pattern
which can reach a level comparable to ≃ 10% of the kSZ effect
(e.g., Birkinshaw & Gull 1983; Molnar & Birkinshaw 2003). Fi-
nally, we did not account for the effects of the inhomogeneous ICM
structures and a suite of astrophysical processes, such as turbulent
gas motions (e.g., Dolag et al. 2005; Lau et al. 2009; Vazza et al.
2009; Nelson et al. 2011) or magnetic fields (e.g., Koch et al. 2003;
Gopal & Roychowdhury 2010), on the SZ signal. For accurate pre-
dictions and interpretation of the SZ signals all these processes
must be included.
5 SUMMARY
We considered the SZ signals caused by the scattering of CMB
photons by hot electron residing inside clusters of galaxies, ob-
taining improved expressions that allow fast and precise computa-
tion of these signals. We compute the effect in the cluster frame
and then derive the signal for the general observer by Lorentz-
transformation. This procedure is physically well-defined and al-
lows us to understand the origin of the different kinematic correc-
tion terms in a simple way. The method provides a quasi-exact
representation of the Compton collision term, with frequency-
dependent basis functions that are informed by the underlying
physics of the scattering process. The precision of the calculation
is limited by the accuracy achieved inside the cluster frame, which
we push well beyond the precision of current SZ observations and
uncertainties associated with cluster physics (see Sect. 4.6).
As explained here, the kinematic corrections to the SZ in-
tensity signal obtained in previous analyses differ from ours by a
small (comparable to a few percent for a typical cluster) amount
(Sect. 4.4). This is because here we explicitly express the SZ sig-
nal in terms of the cluster frame optical depth along the photon’s
path. This choice of variable provides a clean separation of kine-
matic effect from those related to scattering events. The difference
might be important for future precision measurements of the clus-
ters bulk velocity and when confirming the redshift-scaling of the
CMB temperature using the SZ effect. In Sect. 4.5 we also briefly
mention additional kinematic effects on the appearance of the SZ
cluster and related instrumental issues; however, a more detailed
analysis is beyond the scope of this paper.
One of the main product of this work is SZpack, a numeri-
cal library which allows fast and precise (. 0.001% at frequencies
hν . 20kTγ) computation of the SZ signals up to high electron tem-
perature (kTe ≃ 25 keV) and large peculiar velocity (v/c ≃ 0.01).
SZpack should be useful when analyzing the SZ signals of high res-
olution, multi-frequency observation carried out, for example, with
ALMA (Tarenghi 2008) and CCAT (Sebring et al. 2006). Further-
more, the package should enable fast and accurate calculations of
the predicted SZ signals from high-resolution clusters simulations.
Extensions to account for the effect of non-thermal electrons us-
ing the method described here are planned. Similarly, our approach
should be applicable when polarization effects (see, e.g., Itoh et al.
2000; Challinor et al. 2000) are considered. The impact of other
processes mentioned in Sect. 4.6 will be studied more carefully in
our future work.
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APPENDIX A: COMPUTING DERIVATIVES OF THE
PLANCK SPECTRUM
The derivatives of a Planckian distribution can be represented in
different ways. To compute the temperature corrections to the thSZ
effect up to nth order of θe we need derivatives up to order14
14 To analytically include all kinematic corrections in O(β2c ) two additional
derivatives are needed.
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k = 2n+2. Here we give explicit expressions for k ≤ 8; however, we
also show how to compute these derivatives up to any order using
Eulerian numbers. This procedure is useful, since the expressions
are rather lengthy while the relations using Eulerian numbers are
basically analytic, involving summation of previous coefficients.
Also, the recursions given here greatly increase the numerical sta-
bility for the evaluation of higher order derivatives.
A1 Explicit expressions up to the 8th derivative of nPl
In Itoh et al. (1998) and Sazonov & Sunyaev (1998) the derivatives
xk∂kxnPl were expressed using the variables
˜X(x) = x coth
(
x
2
)
, ˜S (x) = x/ sinh
(
x
2
)
.
To find the corresponding expressions for different derivatives of
the Planck function, nPl(x) = 1/(ex − 1), the relations
xk+1∂k+1x = (x∂x − k) xk∂kx
x ∂x ˜X = ˜X − 12
˜S 2
x ∂x ˜S = ˜S − 12
˜X ˜S
are very useful. For example, in terms of ˜X and ˜S one can write
x∂xnPl = −G, x2∂2xnPl = G ˜X,
x3∂3xnPl = −G
[
˜X2 +
1
2
˜S 2
]
, x4∂4xnPl = G ˜X
[
˜X2 + 2 ˜S 2
]
, (A1)
where in addition we introduced the function
G(x) = x e
x
(ex − 1)2 = x nPl(x)[1 + nPl(x)] ≡
˜S 2
4x
. (A2)
However, the above expressions by no means are unique. For ex-
ample, one can also write x3∂3xnPl = −G
[
3
2
˜S 2 + x2
]
. Since G is
directly related to ˜S we therefore tried expressing everything with
just ˜X and G. Using the relations
x∂xG = G − G ˜X (A3a)
x∂x ˜X = ˜X − 2xG (A3b)
˜X2 = 4xG + x2 (A3c)
it is straightforward to show that
x∂xnPl = −G,
x2∂2xnPl = +G ˜X
x3∂3xnPl = −xG [6G + x]
x4∂4xnPl = +xG ˜X [12G + x]
x5∂5xnPl = −xG
[
30G ˜X2 + x3
]
x6∂6xnPl = +x
2G ˜X
[
60G (6G + x) + x2
]
x7∂7xnPl = −x3G
[
42G
(
40G [3G + x] + 3x2
)
+ x3
]
x8∂8xnPl = +x
2G ˜X
[
252G
(
20G ˜X2 + x3
)
+ x4
]
. (A4)
Together with the moments, Table B1-B3, these determine all tem-
perature correction terms up to O(θ3e).
A2 Closed form for the derivatives of a Planck spectrum
In Eq. (A4) we give explicit expressions for the derivatives of the
Planck spectrum up to the 8th derivative. For fully analytic manipu-
lations of the Boltzmann equation and when calculating the spectral
distortion introduced by the scattering of photons off of electrons
inside a moving cluster it is enough to have some way of computing
the derivatives up to the desired order. Looking at the main scaling
at high frequencies one can show that ∂kxnPl ∼ (−1)ke−x/(1−e−x)k+1.
In general, one can also write
xk∂kxnPl =
(−x)ke−x
(1 − e−x)k+1Pk−1(e
−x), (A5)
where Pk(x) is a polynomial of order k.
With the Ansatz Pk(x) = ∑km=0 α(k)m xm it is straightforward to
find the recursion relation
γ(k)m = (m + 1) γ(k−1)m + (k − m) γ(k−1)m−1 (A6)
for the coefficient γ(k)m . The solution of this recursion is
γ(k)m =
m∑
s=0
(−1)s
(
k + 1
s
)
(m + 1 − s)k ≡
〈
k
m
〉
. (A7)
These coefficients are also known as Eulerian numbers. which
can be generated in a very fast and numerically stable way using
Eq. (A6). The derivatives of the Planckian spectrum are given by
xk∂kxnPl =
(−x)ke−x
(1 − e−x)k+1
k−1∑
m=0
〈
k
m
〉
e−mx (A8)
for any k. DefiningHk = (−1)k xke−x/(1−e−x)k+1 one can also write
the derivatives as
x∂xnPl = H1, (A9)
x2∂2xnPl = H2
[
1 + e−x
]
x3∂3xnPl = H3
[
1 + 4e−x + e−2x
]
x4∂4xnPl = H4
[
1 + 11e−x + 11e−2x + e−3x
]
x5∂5xnPl = H5
[
1 + 26e−x + 66e−2x + 26e−3x + e−4x
]
x6∂6xnPl = H6
[
1 + 57e−x + 302e−2x + 302e−3x + 57e−4x + e−5x
]
.
As these expressions show, for x ≫ 1 the limiting behaviour is
given by xk∂kxnPl ∼ Hk ∼ (−1)k xke−x. Similarly, in the limit x ≪ 1
one has xk∂kxnPl ∼ (−1)k xk. For numerical applications these ex-
pressions are very useful and easy to code up.
To evaluate the sum Ym =
∑2(m+1)
k=1 a
(m)
k x
k∂kxnPl, which appears
after collecting terms of different orders in θe from the moments,
Iklm, we can use the recursion relation
β
(m)
k =
−x
1 − e−x
[
a
(m)
k Pk−1(e−x) + β(m)k+1
]
(A10)
with β(m)2(m+1)+1 = 0 and Ym(x) = β(m)1 (x) nPl(x). This groups terms
of similar order and yields numerically stable results, even if the
coefficients a(m)k become very large (see Table B1).
APPENDIX B: AZIMUTHALLY AVERAGED CROSS
SECTIONS
The 5-dimensional collision integral can be reduced by 2 dimen-
sions when considering the azimuthal symmetry of the scattering
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process. In particular, we encounter the integrals
d2σ0
dµ dµ′
≡
∫ dσ
dΩ′
dφ′ dφ
4π
(B1a)
=
3σT
8 ζ
2γ2κ3
[
1 − ζ 〈αsc〉 + 12 ζ
2
〈
α2sc
〉]
d2σ1
dµ dµ′ ≡
∫
µsc
dσ
dΩ′
dφ′ dφ
4π
(B1b)
= µµ′
d2σ0
dµ dµ′ +
3σT
8 ζ
3γ2κ3
[
1 − ζ 〈αsc〉] g(µ, µ′)
d2σ2
dµ dµ′
≡
∫
P2(µsc) dσdΩ′
dφ′ dφ
4π
(B1c)
= P2(µµ′) d
2σ0
dµ dµ′ +
15σT
16 ζ
4γ2κ3 [P2(µµ′) − 1] g(µ, µ′)
+
9σT
16 ζ
2γ2κ3
[
1 + ζ
(
2 + 3
4
ζ g − 3 〈αsc〉 [1 − ζ]
)]
g
with g(µ, µ′) = 12 (1 − µ2)(1 − µ′2), ζ = ν′/(νγ2κ2), and the averaged
quantities 〈αsc〉 =
∫
(1 − µsc) dφ′ dφ/4π2 = 1 − µµ′ and
〈
α2sc
〉
=∫
(1 − µsc)2 dφ′ dφ/4π2 = 〈αsc〉2 + g(µ, µ′).
APPENDIX C: MOMENT FOR MONOPOLE, DIPOLE
AND QUADRUPOLE SCATTERING
We are interested in kinematic corrections up to second order
of the peculiar velocity. To this order, the CMB spectrum has a
motion-induced dipole and quadrupole component inside the mov-
ing frame. In nth order of θe we therefore need all moments Ik00, Ik1m,
and Ik2m for s ≤ 2n + 2. The required integrations were performed
with the symbolic algebra package Mathematica, defining appro-
priate replacement rules for all the appearing integrals in the Taylor
expansion for small temperature. Note that for the Taylor expan-
sion of the relativistic Maxwell-Boltzmann distribution function,
Eq. (4), it is useful to transform to the variable ξ = η2/2θe.
The moments related to the monopole part of the photon dis-
tribution are summarized in Table B1 for up to 10th order temper-
ature corrections, or in total 11th order in temperature. Up to 5th
order in temperature these expressions agree with the results given
by Itoh et al. (1998) when neglecting all recoil terms.
The Tables B2 and B3 give the moments for the scattering
of the dipolar and quadrupolar spectral anisotropy in the radiation
field, but only up to O(θ9e), for illustration. In SZpack we included
tables up to 10th order, similar to the monopole scattering case.
The moments up to the first order in temperature were also de-
rived in Chluba et al. (2012). However, higher moments have not
been given in the literature before. In this work, we use then to
write down all kinematic correction terms up to second order of the
peculiar velocity using explicit Lorentz transformations.
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Table B1. Moments for monopole scattering. Blank means the coefficient is zero. Within each row, the temperature order increases from left (∝ θe) to right
(∝ θ11e ), while in each column the order of the derivative of the blackbody spectrum increases from top (x∂xnPl) to bottom (x22∂22x nPl). Each row therefore
gives the coefficients a(m)k for the moments I
k
00 = θe
∑n
m=0 a
(m)
k θ
m
e Y00, while each column defines the spectral function Yn =
∑2n+2
k=1 a
(n)
k x
k∂kxn00(x)Y00 . We did
not list the moment I000 = Y00 = a
(−1)
0 Y00 for Thomson scattering of the monopole in the table.
Y0 Y1 Y2 Y3 Y4 Y5 Y6 Y7 Y8 Y9 Y10
I100 4 10
15
2 − 152 13532 458 − 7425256 6758 − 19055258192 91125128 − 16925557565536
I200 1
47
2
1023
8
2505
8
30375
128 − 751532 1286551024 634532 − 3184312532768 1451925512 − 2090024775262144
I300
42
5
868
5
7098
5
62391
10
28917
2
360675
32 − 867518 1274427256 958238 − 4339676258192
I400
7
10
329
5
14253
10
614727
40
795429
8
50853555
128
28579473
32
723764619
1024 − 2138796932 899265037532768
I500
44
5
18594
35
124389
10
2319993
14
45719721
32
463090581
56
56131109271
1792
3867907059
56
3162934444995
57344
I600
11
30
12059
140
355703
80
12667283
112
458203107
256
8680356807
448
2131228533597
14336
361018793313
448
1353148643034945
458752
I700
128
21
16568
21
806524
21
22251961
21
407333911
21
28385005515
112
68346357865
28
15614127041155
896
I800
16
105
7516
105
21310
3
71548297
210
304758409
30
33759855933
160
129419653687
40
9649428040913
256
I900
22
7
46679
63
26865067
420
14281971623
4620
7332664403233
73920
14191595238489
6160
1600697595147911
39424
I1000
11
210
10853
252
7313155
1008
32154229291
55440
8454102129551
295680
72688716977749
73920
11942478518370683
473088
I1100
58
45
4492
9
34276642
495
159273899
30
1153370108027
4290
135515512037513
13728
I1200
29
1890
6361
315
36841447
6930
3623853049
5544
393223901251
8008
985744536107759
384384
I1300
296
675
1927084
7425
133798003
2475
197855054569
32175
330716455601941
720720
I1400
37
9450
229693
29700
118712629
39600
275619041167
514800
667649235923203
11531520
I1500
736
5775
631168
5775
813344128
25025
3734552464
715
I1600
46
51975
1312
525
102350176
75075
1173672524
3465
I1700
16
495
248008
6435
101283718
6435
I1800
4
22275
22448
32175
46573313
90090
I1900
268
36855
231496
19845
I2000
67
2027025
486254
2837835
I2100
632
429975
I2200
79
14189175
Table B2. Moments for dipole scattering. The table is organized similar to Table B1. Each row gives the coefficients d(m)k for the moments I
k
1m =
θe
∑n
j=0 d
( j)
k θ
j
eY1m, while each column defines the spectral function Dn =
∑2n+2
k=0 d
(n)
k x
k∂kxn1(x), with n1(x) ≡
∑
m n1m(x)Y1m . Since the dipole does not couple
directly to the Thomson scattering cross section, all moments are at least first order in temperature.
D0 D1 D2 D3 D4 D5 D6 D7 D8
I01m − 25 − 15 407140 − 36328 23363448 − 24895112 4139434539424 − 67943311232 52343148034516400384
I11m − 85 − 245 − 23335 1177 − 6077112 614528 − 102056559856 1685589308 − 1303810124554100096
I21m − 25 − 665 − 10433140 − 546328 − 51917448 3397112 1761089739424 − 883335308 27089674450516400384
I31m − 245 − 387635 − 3255435 − 873109210 − 40372742 − 189300972464 5023397616 − 2222982373256256
I41m − 25 − 151335 − 6886970 − 9083573840 − 11869231168 − 27936224819856 − 15731376592464 − 5159894492211025024
I51m − 20435 − 1316635 − 1903991210 − 25726409210 − 1311249787912320 − 190518965413080 − 6016818388583256256
I61m − 1770 − 25903420 − 166678315040 − 4323704095040 − 405834499159295680 − 110543208486173920 − 7083974955338636150144
I71m − 9221 − 3737663 − 9325552315 − 136723936165 − 176745629921155 − 6037926248963003
I81m − 23210 − 17047315 − 3483659630 − 24942676979240 − 752025644639240 − 3272734031979891921920
I91m − 5021 − 2030335 − 70847941113860 − 115663770714620 − 77893231780421960960
I101m − 5126 − 2130616300 − 17956055330800 − 131179967167277200 − 906204564617393843840
I111m − 7675 − 331988825 − 1405554942475 − 63009953771430
I121m − 191575 − 84777151975 − 15158606934650 − 196409497183360360
I131m − 26327425 − 15892047425 − 145511604132175
I141m − 4714850 − 1327541207900 − 90576248413603600
I151m − 6085775 − 229651225025
I161m − 3851975 − 121285775
I171m − 1365005
I181m − 34225225
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Table B3. Moments for quadrupole scattering. The table is organized similar to Table B1, but we also add the coefficient q(−1)0 = 1/10 to the table, which
arises from Thomson scattering of the quadrupole anisotropy and is independent of temperature. Each row gives the moment coefficients q(m)k for I
k
2m =
θe
∑n
j=−1 q
( j)
k θ
j
eY2m, while each column defines the spectral function Qn =
∑2n+2
k=0 q
(n)
k x
k∂kxn2(x), with n2(x) ≡
∑2
m=−2 n2m(x)Y2m .
Q−1 Q0 Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8
I02m
1
10 − 35 18370 − 42940 255956 − 26961128 26196812464 − 46295104578848 113047454732032 − 752917995256532800768
I12m
2
5 − 57 20720 − 126928 1346764 − 13101871232 23153269539424 − 56530484116016 376478071933516400384
I22m
1
10
115
28
1647
80
9531
112 − 14757256 23896054928 − 459217161157696 113328535564064 − 754269291202565601536
I32m
12
7 44
13306
35
18041
10
610943
154
10329129
2464 − 720118658008 10182974397256256
I42m
1
7 19
32341
70
209617
40
21549415
616
1391734017
9856
10278017103
32032
248720650869
1025024
I52m
92
35
6614
35
66821
14
7275659
110
7186785003
12320
19550802003
5720
477065269101
36608
I62m
23
210
13387
420
3067801
1680
129481163
2640
78933400569
98560
404328355121
45760
20084725151311
292864
I72m
16
7 336
20263976
1155
16645526
33
142242005782
15015
1007702100971
8008
I82m
2
35
1086
35
3867887
1155
780884497
4620
312667550803
60060
35387820016631
320320
I92m
48
35
1232564
3465
37655546
1155
2236313242
1365
6483638594513
120120
I102m
4
175
361639
17325
130359193
34650
12883109639
40950
7686639348727
480480
I112m
1552
2475
25892
99
1227837074
32175
18203744063
6006
I122m
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51975
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693
1333611599
450450
136419177953
360360
I132m
344
1485
2808716
19305
7122939553
225225
I142m
43
20790
2352131
540540
44543067553
25225200
I152m
5392
75075
33981568
525525
I162m
337
675675
778982
525525
I172m
6052
315315
I182m
1513
14189175
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